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SEMIDEFINITE PROGRAMMING from
OPTIMIZATION to QUANTUM CHEM-
ISTRY

(FIEEESTERME - FEEh SEFEFEN)

744 - =wvkeDO (Fukuda, Mituhiro) **

The origins of optimization: linear pro-
gramming

The most important event of this year in our
field is the 20™ International Symposium on
Mathematical Programming (ISMP - Chicago,
August 23-28) during which the 60" anniversary
will be celebrated for the so-called Zero-th
Meeting on Mathematical Programming held at
the same city. The ISMP is a super conference
held every 3 years where researchers interested
in mathematical programming, also known as
optimization, present their most influential
results in the field.

In a naive explanation, optimization consists
in solving a problem described mathematically
(most frequently) in finite dimension, where a
function depending on unknown values is mini-
mized or maximized under some conditions on
the domain. One can imagine that such opti-

mization problems are present almost every-
where, but the objects of study unfortunately
limits to a very tiny class of problems which can
be solved elegantly by some mathematics or in
an admissible computational time.

The most representative problem which is fre-
quently attributed to the birth of the field is
called Linear Programming (LP). George B.
Dantzig, John von Neumann, and Leonid V.
Kantorovich have contributed to the creation of
LP in terms of an efficient algorithm to solve it,
duality theory, and applications in economy,
respectively. 70 years have passed since, and
LP is still in the core of most of algorithms for
the optimization problems, even if it only follows
its spirit of solving problems. The coincidental
timing on the advent of modern computers has
contributed tremendously to push researchers
in computational mathematics into optimization.
The subsequent nature of techniques to solve
optimization problems have separated the opti-
mization community into two disjointed groups:
Discrete or Combinatorial Optimization, and
Continuous Optimization; the former branch is
mostly interested in problems related to combi-
natorial mathematics, where the variables of
optimization problems are integers; and in the
latter branch the variables are real numbers.

Restricting to my expertise on continuous
optimization, the breakthrough after the pro-
posal of the simplex method for LP in 1947, was
the proposal of interior-point methods* for LP
due to Narendra Karmarkar in 1984. The interi-
or-point method was revolutionary in two
aspects: it is a polynomial-time algorithm, and
it is efficient in practice comparable to the sim-
plex method.

Semidefinite programming

The semidefinite programming (SDP) is an
extension of LP which emerged naturally after
the interior-point method. While the variables in
LP are non-negative vectors, the variables in

! named later
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SDP are positive semidefinite matrices. This dif-
ference obviously enlarges the class of problems
which SDP can mathematically describe, includ-
ing the LP itself. The SDP is even quoted as “the
LP of the 21t century” by one of the main
authorities in SDP.

Among frequently cited applications of SDP are
linear matrix inequality in system and control,
approximations of difficult problems in combina-
torial or continuous optimizations, quantum
chemistry, etc. However in essence, I believe
that many mathematical problems which are
essentially quadratic can be approximated with
good accuracy using SDPs.

The SDP solving software SDPA

Our group which has its origins in the Depart-
ment of Mathematical and Computing Sciences,
and still mostly based on Tokyo Tech maintains
a computer code to solve SDPs called SDPA. It
is one of the five existing software to solve all
types of SDP and the most traditional one with
13 years of existence. Within these years, the
SDPA evolved from a simple translation of a
Mathematica® computer code to a full C++ code
which is linked with several numerical linear
algebra libraries such as GotoBLAS, ATLAS,
LAPACK, and MUMPS. The current version 7.3.0
counts about 13,000 lines of code.

Table 1 shows the computational time to
solve a particular problem using SDPA 2.0.1 and
7.3.0 on two different computers. Of course,
this table does not represent the trend on all
SDP problems.

Tablel Numerical experiments for a particular
benchmark SDP problem using different
versions of SDPA on two computers.

SDPA | released time

. computer

version year (seconds)

2.0.1 1996 MIPS R4400 133,892.5
133MHz,

128MB memory

2.0.1 1996 Inter Core i7 965 450.0
3.2GHz,

7.3.0 | 2009 z 1.5

12GB memory

What can be read from the table is not only
an improvement on the hardware along these
years, but also an improvement on the software
which made possible to solve problems unthink-
able 10 years ago. In fact, this also influenced
the way to teach optimization if compared to 10
years ago. Now, where powerful computers and
free or commercial optimization software are
available, no one would spend time in teaching
how to minimize the memory usage or compare
complex data structures for the implementation
(not meaning that they can be disregarded at
all). But we can simply ask students to digitize
the input data and obtain the solution. Sadly in
one hand, it turns the optimization technique
into a black-box tool for practitioners who are
just interested in solving a real problem, and
not in analyzing how to solve it.

Applications in quantum chemistry

Recently, we have been working with one
interesting application of SDP. The determination
of electronic structures of atoms or molecules is
a core problem in quantum chemistry. Currently,
there are numerous methods for realizing it such
as Hartree-Fock, MP2, CCSD (T), DFT, etc.

Dr. Maho Nakata (RIKEN) and Dr. Bastiaan J.
Braams (Emory University) have come with the
idea of solving an optimization problem involving
Reduced Density Matrices (RDMs) for the elec-
tronic structure calculation. This method is not
new, but proposed back in 1960’s. Preliminary
numerical computations were performed at that
time, and subsequently abandoned due to its
difficulty. It was only in 2000 that the first accu-
rate computational results on actual atoms and
molecules were published by Dr. Nakata using
SDPA. Surprisingly, this approximation scheme
proposed 50 years ago was exactly what is
known now as SDP.

Solving the electronic structure calculation as
an SDP is not, by far, the best way to solve it
since its computational time is extremely costly
if compared with the conventional numerical
methods. However, it can capture some theoret-
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ical properties of the molecule which is not gen-
erally possible by other conventional methods.
Figure 1 shows the dissociation limit of the BH;
molecule using SDPA (in blue) which closely fol-
lows the theoretical potential energies (in
magenta) when the hydrogen atoms are pulled
apart from Boron atom.
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Figure 1 Dissociation limit of BHs for Hartree-Fock (in
red), SDP (in blue and green) and Full-CI
(in magenta) (from M. Nakata, M. Ehara, H.
Nakatsuji, The Journal of Chemical Physics
116 (2002) 5432).

Currently, we are searching for new algo-
rithms to reduce the computational cost for solv-
ing SDP problems which arise from the electronic
structure calculation. This problem by itself is
very challenging since it involves solving huge
scale SDPs requiring high accuracy for its solu-
tion.
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