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An Optimum Design of Reinforced Concrete

Based on the Ultimate Strength Theory
by  Takashi Fujii

Synopsis

The optimum design techniques for beams and frames in the field of reinforced concrete structures are
briefly reviewed as well as in that of steel structures, Then, an optimum design technique for reinforced
concrete structures which are based on the ultimate strength theory is described on the basis of the optimum
design technique which has been developed in steel structures, The three sectional shapes, such as singly
and doubly reinforced rectangular sections and T-sections are treated under the requirements of the ACI
code (ACI Standard 318-63). The linear and nonlinear refationships between ultimate moment and cost per
unit length of a member for the particular sections mentioned above are obtained. Several applications of
the optimum design technique developed in this paper to design problems of structures, such as a Z-span
continuous beam, a simple frame and a 7-bay frame, are demonstrated using the graphica! technique for

two variables and Simplex method of Linear Programming which is suitable for an electronic computer.
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A = coefficient;
Ay = 0.85Ch—80tfre/ fus
A; = area of tension reinforcement(sq in};
A’s = area of compression reinforcement
(sq in);
a = depth of equivalnt rectangular

stress block;

aij = coefficient;
B = coefficient;
b = width of compression face of mem-
ber(in);
b = width of web in T—ection{in);

C, CG,CH, CI = coefficient;

C: = unit cost of concrete { $ per cub yd) ;

Crs = unit cost of formwork for heam
(% per sq ft);

Cys = unit cost of formwork for slab
(§ per sq ft):

Co = cost per unit length of member
(% per ft);

Cs = unit cost of reinforcement( $ per
ton);

D, DG, DH, DI = coefficient;

d = distance from extreme compression

fiber to centroid of tension rein-

forcement (in);

d' = distance from extreme compression

Gr

Iy

L=

M =

M

M, =
My =

my
PR

Py
Pr

PI‘

pr =
po =

i

5!

fiber to centroid of compression

reinforcement(in);

EG, EH, EI = coeliicient;

cost equation;

eccentricity of axial load;
compressive strength of concrete
(Ib per sq in);

vield strength of reinforcement
(b per sq in};

weight or cost per unit length of
member(lb per ft);

weight or eost per unit length of
i~th member;

identity matrix;

length of member;

length of i-th member;

bending moment;

plastic moment of i-th member;
ultimate momet as variables, j=1,2,
plastic moment;

ultimate resisting moment(kip—ft);

Mj/PL, j=]:2: ......... ;

= (p—p'),(pw— pror external force:

p'/p:
axial load capacity;
PPy

= As/bd;

A's/bd;
Asfbrd;
A, /brd;

residual;

= distance between centroid of tension

reinforcement and tension face of
concrete(in);

distance between centroid of com-
pression reinforcement and compr—
ession face of concrete(in);
thickness of flange in T-section
{in);

weight or cost;

coefficient; and

capacity reduction factor, J.90 for

flexure,
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SINGLY REINFORCED RECTANGULAR SECTIONS T_SECTIONS
fy = 40 ks, £ = 3 ksi f, = 40 ksi, fé = 2 ksl, t = 3 in
3 300 400 500 .00 & 00T 00700 d 10,00 10,00 10.00 10.00 10,00 11.00 12,00
=3 0,60 1,10 1.80 2,00 2,20 2,00 2,10
e% 1.0 2.10 2.00 1.80 2,40 2,00 2.50 A 9.90  10.50 11.34 11.38 11.m2 11.82 12.20
Ag .65 1,01 1,20 1,30 1.73 1,68 2,1C s 4.50 4,50  4.50  4.50  4.50 4,50 4,50
s 2.50 2,50 2,50 2,50 2,50 2,50 2,50 My | 254,67 270,26 z89.71 294,76 299,58 335,04 380,05
Mg 5,01 10,1¢ 15,17 20,02 25.23 29,73 35.43 co| 12,24 12,51 12,80 13,00 13,11 13,32 13.7C
co 2,33 2,71 3.00 3,26 3,45 3,64 3,38 a 12,06 13,00 13,00 13.00 14.00 15.00 16,00
P 2,40 1.90  2.40 2,80 2,60 2,00 2,60
a 8.¢¢ @.,00 9,00 9,00 10.00 10,00 11.00 hg 12,64 12,14 12,92 13,55 13,55 13,02 14.17
p% 2,10 2,40 2,30 2,60 2,20 2,40 2.40 s 4,50 4,50 4,50 4,50  4.50 4,50 6,00
A 2,02 2.30 2,48 2,81 2.64 2,64 3,17 My 390,10 415,03 435,16 449,54 490.18 554,65 589,94
it 2.50 2.50 2.50 2.50 2.80 2.50 2.50 Cp| 13,89 13,89 14.24 14,52 14,73 14,91 15.75
My 40,39 44,86 54,23 60,31 65.49 70.09 Ha4,8] 3 16.00 15.60 19.00 20.00 L0000  22.00
o 4,00 4,13 4,42 4,57 4,71 4,81 5,15 s 2,70 2,10 2.40  3.40 2 60 270 2.s0
Ag| 14.36 13,97 14.65 14,94 15,73 15,98 15,78
d 11,00 12,00 13,00 14,00 16,00 17,00 20,00 s 6,00 4.50 6.00 6,00 6.00 6.00 6,00
% 2,60 2,70 2,3¢ 2,70 2,50 2.60 2,40 My | 595,31 709,78 734,97 769,84 865,38 874,64 914,50
Ay 3.43 3,89 3,59 4,54 4,80 5,30 5,76 Co | 15.83 15,97 16.60 15,94 17.50 17.62 17,74
s 2,50 2,50 2,56 2,50 3,50 3,50 3,50
My 90.09 110,24 114,61 150,05 185,09 215.18 280,35 a 22,00 22,00 22,00 23,00 24,00 25,00 27.00
Co 5,27 5,69 5,77 6.40 7,15 7.59 8,43 L 2.60 2,70 2,80 2.5¢ 2,30 2.40 2.60
; Ag| 16.04 16,30 16.57 16,08 15,80 16.38 17,60
s 6.00 6.00 6,00 6,00 6,00 £.00 6,00
d 22,00 22,00 23,00 25,00 28,00 30,00 - : 924,91 935.05 944.98 97498 1010 29 1085 24 124505
£ 2.50  2.60 2,70 2,60 2,70 2,60 - co| 17.85 17.87 18,08 18,08  18.08  1B.64  19.61
Ag 6,60 6,86 7,45 7.80 9,07 9.36 - © - . i ’ . . '
8 3.50 3.50 3,50 3,50 3,50 3,58 - d 27,00  27.00 28.00 29,00 30,00 Z -
My 349.93 360.37 404,97 465,35 600,19 670,10 - PY% 2.70 2.B0 2.70 2.50 2,60 - -
cg 9,23 9,35 9,82 10,40 1! ,6l1z12.16 - Ay 17,93  18.25 18,25 17,88 18,54 - -
s 6,00 6,00 $.00 6.0¢ 6,00 - -
My |1260.35 1275,24 1330.00 1365,39 1454,99 - -
Co 19.76 19,90 20,11 20,16 20,67 - -

DCUBLY REINFORCED RECTANGULAR SECTIONS

f, = 40 ksi, f& = 3 ksi, p'/p = 0,2

¥
T-5ECTICNS

d 10.00 11,00 11.00 12,00 15,00 20.00 22,00 . -
224 2.70  2.40  2.70 2,50 2.5 2.60 2.70 fy = 40%si, fi=-=3ksl, t=6in
Ag 4.05' 3,96 4,45 4,50 5,65 7,80 8,91 d 20,00 20,00 20,00 20.00 20,00 20,00 20,00
Ag; 6,81 0,79 0.89 0.90 1.12 1.56 1.78 P% 0.30 0,60 1.00 1.70 1.80 1.90C 2.00
1 2,60 2,50 2,5¢ 2,50 3,50 3,50 3,50 Ay 37,44 38,16 39,12 40,80 4l.0a 41,28 41,52
st 2,50 2,50 2,50 2.50 2.50 2.50 2.50 10,50 16,50 10,50 10,50 10,50 10,50 10,50
My 24,78 105,00 115,35 129,76 204,86 379,72 474.77 My [ 1914,90 1955.04 2005,39 2084,78 2095,21 2105,42 2115.40
o 5.70 5,87 6.13 6.37 7,82 10,65 11,07 Cao 33.40 33.72 34,15 34,91 35,01 35.12 35.23
g% 2;-33 2‘2‘-28 23'23 : - - a 20,00 20,00 21,00 21,00 21.00 22,00 22,00

. . . - - - % 2.10 2.20 1,60 2.00 2.70 1.70 1.90
Bq 9.31 9,36 10,12 - - - - Ag 41,76 42,00 40,75 41,76 43,52 41,21 41,74
AL 1,86 1.87 2,02 - - - - & 10,50 10,5¢ 10,50 10,50 10.50 10.50 10.50
s 3,50 3,50 4,50 . - - - - My | 2125]16 2134,69 2204,92 2250.44 2320,48 2349.63 2374,61
5! 2,50 2,50 2,50 - - - - Co 35,34 35.44 35,10 35.55 36,34 35,51 35.75
My | 519.55 549,61 615.15 - - - - a 22,00 23,00 24,00 25,00 25,00 26.00 26,00
Co 11.50 11.73 12.57 - - - - P% 2.20 2,20 2,50 2.50 2,80 2.10 2.80

Ay 42,53 42,79 43,92 44,22 45,12 43.27 45.48

E] 10.50 10,50 1G,50 10,50 10,50 10,50 10,50
M, | 2410002 2549,65 2729.80 2875.39 2914.75 2960.30 3064.99
DOUBLY REINFORCED RECTANGULAR SECTIONS Co| 36,10 36,43 37.15 37,50 37.90 37.28 38,26
- '
fy = 40 ksl, £t = 3 kel, p'/pa= 0.4 a 27.00 2600 28,00 29,00 29,006 29,00 29,00
. % .40 2,00 2,80 1o : 130 .60
a 10,00 12.00 13.00 14.00 15.00 15,00 16,00 Ry | 44050 a3 44 asiiy  arhe  ail9 L2390 8D
F% 2,70 2,20 2,30 2,40 2,50 2,60 .2,50 5 10.5¢ 10,50 10.50 10,50 10,50 10.50 10.50
Ag 5.40 5,28 5,98 6.72 7,50 7.80 B.00 My | 3154,77 3229,66 3370,19 3394,92 3414,95 3434,51 3490,33
ay 2,16 2,11 2,39 2.68 3.00 3.32 3.20 Cc| 38,04 37.78 38,99 38.26 3B.4l 38,57 39,04
s 3,50 3.5¢ 3.50 3,50 3,50 3.50 °3.50
st 2,50 2,50 2,56 2.50 2.50 2.50 2,50 a 29,00 30,00 30,00 30,00 - - -
Mg | 125.15 154.50 189,96 230,11 275,17 284,52 314,69 PR 2.80 2,30 2,40 2,50 - - -
o T.13 7,47 8,13 8,80 9,50 9,69 110,03 Ag 46,46 45,00 45,36 45,72 - - -
ho | as35.9 35&2'2335%3?'15335%(5"3? - - -
a 16,00 17.00 16,00 19,00 23.00 24.00 26,00 by . . . . - - -
Py 2,80 2.40  2.60 2,70  2.50 2.70  2.50 Gp} 3%.35 38.90 39,07 39,23 - - -
Ag B.32 8,16 9,36 10,26 11,50 12,96 13,00
AL 3,33 3.26 3.74 4,10 4,60 5,18 5.20
s 3.50 3,50 3,50 4.50 4.50 4.50 4.50
s 2,50 2.50 2,50 .2.50 2.50 3.50 3.50
My | 325.39 344,54 415,33 479.51 665.37 759,77 839,75
€o| 10.23 10,34 11.31 12,30 13,52 15.05 15,50
d 28,00 - _ _ - Z -
% 2.70 - - - - - -
Ag| 1512 - - - - - -
Iy 6.05 - - - - -
s 6,00 - - - - - -
g 3,50 - - - - - -
My | lo44.72 - - - - - -
co| 17.57 - - - - - -
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