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0 In this paper, we present three results on cyclotomic polynomials. First, we present results about
factorization of cyclotomic polynomials over arbitrary fields K. It is well known in cases such that
a field K is the rational number field Q or a finite field F', (see [3, 4]).
O Using irreducibility of cyclotomic polynomials over ), we can see that there are only finite
elements of finite orders in a number field. On the other hand, we should correct some mistakes in
[2, Corollary 1]. This mistake have no influence about another results in [2].
O Finaly, we state about relations between Fibonacci polynomials and cyclotomic polynomials.

This idea is due to K. Kuwano who stated this in his book [1] written in Japanese.
g

N
E. Factorizations of cyclotomic polynomials over fields

0 The next theorem shows that irreducible factors of a cyclotomic polynomial ®,,(x) over an arbi-
trary field have the same degree.

O

0 Theorem 1. Let K be a field. Then every irreducible factor f(x) of ®,(z) in K|x| has the same
degree. More precisely, let L be the minimal splitting field of ®,,(x) over a field K of characteristic
p > 0. Then we obtain that L is Galois over K, the Galois group G of L over K is a subgroup of
the unit group of Z/mZ, where m =n in case p = 0 and n = p°m with (m,p) =1 in case p > 0,
and

O

O

O Proof. Let f(x) be a monic irreducible factor of ®,(z) in K[z] and let a € L be a root of f(x).
Then n = p®m by [2, Theorem 1] where m is the order of o in L and m is not divided by p. Thus,

deg f(z) = |G| = [L: K].

we can see from the equation z™ — 1 =[], ®a(z) that
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U

: 2,(r)= [ (o
(k,m)=1

U

where (k,m) =1 and 1 < k < m. Hence L = K(«) is also the minimal splitting field of ®,,(z),
and L is Galois over K since « is separable over K. Let G be the Galois group of L over K. Then
the polynomial

O
0 g9(z) = [[(x = o(a))
0 ceG

is contained in K[z] and g(x) divides f(z) because f(o(a)) = o(f(a)) = 0 for all ¢ € G. On the
other hand, noting f(x) is a minimal polynomial of a over K, we can see that f(z) divides g(x).
Thus f(x) = g(z) is of degree |G| = [L : K]. For o € G, we can find ¢ from f(x) = g(z) such that
o(a) = af, ({,m) =1 and £ mod m is uniquely determined by o. Hence o — ¢ mod m defines a
group isomorphism from G to a subgroup of the unit group of Z/mZ.

0

0 Two extreme cases are important. First case, ®,(x) is completely reducible over K, namely,
deg f(x) = 1. This case is formulated as follows: ®,(z) is completely reducible over K if and only
if K contains an element of order n.

0 Second case, ®,,(z) is irreducible over K, namely, deg f(x) = ¢(n). This is difficult but important
(see examples [3,5,7]).

0

[ We shall show some examples.
|:| 27i
E Examples. We set (, =e™ and n > 3.

1. Let F; be a finite field of order ¢ = p° for a prime p. Assume p is not divisor of n and m be the
order of ¢ mod n, then F'; is the minimal splitting field of ®,,(x) over F',. Thus ®,(z) € F,[]
is factorized into irreducible polynomials of same degree m.

2. From example 1, we can see for prime p that ®,, is completely reducible over F, if and only
ifp=1modn

3. From example 1, we can see for distinct primes p, ¢ that ®,(z) is irreducible over F', if and
only if p is a primitive root of F',.

4. Tt follows from C = R((,) that ®,(x) has the next factorization of irreducible polynomials

over R

where 1 < k < @.
5. It is well known that ®,,(z) is irreducible in Q]z].
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6. Let m be a divisor of n. Then ®,(z) decomposes into irreducible polynomials of the same

degree % since Q((,) is the minimal splitting field of @, (z) over Q((,).

7. Assume (n,m) = 1. Then since every cyclotomic polynomial is irreducible over @, we have

E p(m)p(n) = @(mn) = [Q(Gun) : Q)
O = [Q(Cmn) : Q(Cm)][Q(Cm) : Q]
0 = [Q(Cmn) : Q(Cm)]‘p(m)
Thus we obtain from Q((mnn) = Q((n)(¢,) that
5 o) = [QGnn) : Q)] = [QUC)(G) QG

and ®,,(z) is irreducible over Q((,,).

8. We set ¢ = e and ¢ : ( — (3 is an automorphism of Q(¢). Since 3 is a primitive root
of a finite field F';, o is a generator of a Galois group G of Q(({) over Q. For a polynomial
flz) =", aix’ € Q(Q)[z], We set f(x)? =, a7z’

(2) @n(x) = [Tiey fu(2) over Q(C +¢71) where fo(x) = (z = ¢)(x — () and fi(2) = fo(2)”
(b) @ (w) = ITp_g fi(2) over Q((+¢™+¢+¢ ) where fo(z) = (z—()(2—( ) (w—¢") (z—¢*)
and fi.(z) = fo(x)"".
() (@) = folw) fi(x) over Q(X_y ¢*) where fo(z) = [Tj_y(x — ¢**) and fi(z) = fo(x)°.
0
0 The next theorem follows from irreducibility of ®,,(z) over Q.
0
0 Theorem 2. Let K be a number field and let G be the set of elements of finite orders in K.
Then G is a cyclic group of a finite order.
0
O Proof. It is enough to prove that G is finite. We set n = [K : Q] and let S, be the set of elements
of order ¢ in C. Then S, is the set of roots of ®,(z) and so |S,| = ¢(£). On the other hand if
n € S,N K, then Q(n) is a subfield of K and ¢(¢) = [Q(n) : Q] is a divisor of n. Moreover, we can
see easily that the set T'={¢ € N | p(¢) divides n} is finite. Thus the next inequality shows that
G is finite.

0
0 Gl < D IS0 = ) @) <|TIn.
. #(Oln #(Oln

where ¢ ranges over the orders of elements in K.
O
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%. Is ®,,(z) strictly increasing for z > 1 7

0 The next lemma is necessary for Theorem 3 (2).

O

O Lemma 1. Let {p;s},{as} and {bs} be sequences such that

U

0 a; = a, bl = ba As = Pss—1 — bsfla bs = psbsfl — Qs_1,
Then we have

U

a 2as = (a+b)ps + (a —b)os, 2bs = (a+b)ps — (a—b)o,

where p; = (ps —1)---(p2 = 1) and oy = (ps +1)---(p2 + 1).
O
Proof We set

g

a () (2)

0 -1 ps bs

g

O Bz(l >amdDS:<ps_1 0 >
1 - 0 po+1

g

Then we have

E a;, = A,a,_,, B> =2E, and B 'A,B = D,.

Hence

g a, = AA,_ A2a1 BD,D, ,---D,B 'a,

g 1

g ) ( 0 o, ) Ba

- _ <<+> (—b)as>

- 2\ (et D)~ (a=b). )

g

0 Mistakes in [2, Corollary 1] should be corrected as in (1) of the next theorem.

g

O Theorem 3.

1
2

(1) ®,.(z) is strictly increasing for v > 2.
(2) Let r is the number of distinct prime factors in n and let py is the second smallest prime

divisor of n. Then ®,,(x) is strictly increasing for x > 1 and py > 7.
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O Proof. (1) We have the next inequality from ®,(x) = [],,(z? — 1)

> Z 1=¢n)—2"1>0

g

0 :E<I>;l(:n) _ n, da?

. ) %M(d):nd

: - Zm%mu n)+ZM(%)%
| d|n dln

g

g

w(g)=-1

where @/ (z) = 0,9, (z) and r is the number of distinct prime factors in n.
0 (2) Let t be the product of distinct pimes dividing n. Then we have ®,,(x)

= &,(x%). Thus we

may assume n = pips -+ P, Where py, po, ..., p, are distinct primes with p; < py < -+ < p, and

po > r. First using the following inequality for a prime p and x > 1,

g
(p—DaP 44222+ p-1

O —-1> >
P P4+l 2

O
we have
H O’ (1) 1

T p—
O — 1>z >"
0 P xi)p(fn) 2

On the other hand we have for a prme p and (p,m) = 1,
O

0 Dy () = H(fﬂd — ) = H (xP4 — 1)1CE )H 1)Hr%) =

— Qs—1,

0 d|pm d|m d|m
Hence we have O
!

0 (on®) _ 0 0 (@)
O D, () P, (27) Pp(2)
O
Considering sequences such that
O -1
|:| a; = p1 — 1, bl = p12 ; g = PsQs—1 — bsfla bs :psbsfl
we obtain the next inequality for every k and x > 1 from equations () and (b)
O

Py, (2)
O ag > T > by, for dp =pipa---pr

q>dk (‘/E)
O
and we also have the formula of b, from Lemma 1 that
O -1
. 2b, = (a1 + b1, — (ay — by)o, = al 5 (3¢, — 0,)

where ¢, = (pr—l)“-(pz— 1) and o, = (p, +1) -+ (p2 + 1).
Noting 2 > = for ¢ > s, we have from the assumption py > r,
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O
0 o, p2t1 pT—|—1<r—|—1r—|—3 r—|—2r—3_r—|—2r—3_3

o, po—1 p—1-"r—1r+1 r+2r—5  r—1
O
Therefore we have the conclusion
- P, (v)

T
L > b, > 0.

g :Eq)n(éﬂ) >
O

0 We believe that cyclotomic polynomial ®,,(x) for x > 1 is strictly increasing. However, we can
not prove this until now. We know only (2) in theorem 2. On the other hand, we know that curves
of cyclotomic polynomials ®,,(x) are up and down between 0 and 1. For example, using software
MATHEMATICA, please see beautiful curves of ®,5(z) and ®195(x) between -1 and 1.

O

[
%. Fibonacci polynomials and cyclotomic polynomials

O The original idea in this section is due to K. Kuwano in [1]. Noting the next polynomials of two
variable z, y are symmetric, we can find a polynomial F,,(X,Y) of X =z +y,Y = zy such that
O

ZE" _ yn
-y

O
For example,
a 2, 2 2
0 FKF=0FH=1F=rx+ty=XFI3=2+y +axy=X"-Y.
From equation (1) we can see easily the following lemma.
0

U Lemma 2.

O() Frpn =FnFoyn—YF,, 1 F, forn>0 and m > 1. In particular,
O

O

O (2) If m is a divisor of n, then F,, is a divisor of F,,.

O Proof. (1) It follows from equation (f) and the direct computation.

Foio=XFE, - YF, (i)

0 (2) Since ™ — y™ is a divisor of ™ — y™, we have the assertion.

g

0 We can see form Equation (I) that {F,(1,—1)} is a Fibonacci sequence. We would like to call
the polynomial F),(X,Y’) Fibonacci polynomial.

g

0 Relating this polynomial, we define the cyclotomic polynomial of two variables inductively as

follows:
O q>1($ay) =T —Y, $n_yn:Hq>d($’y)
O d|n

O From this definition we can easily see the following results.
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U Lemma 3.

0 (1) @u(@,y) =1y, (@7 —y?)Htd).

0(2) ¢&,(z) =P,(x,1).

0@3) ¢,.(z,y) = D,(y,x) forn > 2.

0

O Proof. (1) It follows from Mobius inversion formula.

(2) It is clear from (1) and the definition of ®,,(z).

(3) We can see from (1) and the formula 3, p(%) = 0 for n > 2.

0

O Since ®,,(x,y) is symmetric for n > 2, we can find a polynomial P,(X,Y) of X =x +y,Y = zy
such that @, (z,y) = P,(X,Y).

For examples, Py = 22 +y? — vy = X% — 3Y.

0

0 Theorem 4. We set P, = 1 for convenience.

O (1) P, is irreducible in Z[X,Y].

0 (2) We obtain the irreducible factorization F, =1, Pa.

0(3) Py =Ty, F2'%.

0 (4)

00 In particular, (F,, F,41) = 1.

0

O Proof. (1) The assertion P, € Z[X,Y] is clear from definition.

If P, = ST for non constant polynomials S, T € Q[X, Y], then we have
O

O

for non constant polynomials S(z + 1,z),T(x + 1,z) € Q[x], contrary to irreducibility of @, (z)

(Ens Fy) = Finny where (1, ) means greatest common divisor.

O(x)=P(z,1)=Plz+1,2) =S+ 1,2)T(x+1,x)

over Q.
0 (2) It follows from the next equation.

O

:En_yn

[T ®uz.y) = [] Pux,v).

$ —_—
Yy 1<d|n d|n

U

0 (3) It follows from Mdbius inversion formula.
0 (4) First we note that if P; = P, then we have
U

U

since a primitive d-th root of 1 is also a primitive d’-th root of 1. We note also from Lemma 2 (2)

Q4(z) = Py(x,1)=Py(x+1,2) = Py(x+ 1,2) = Py (x), and so d = d’

that F{,, ) is a common divisor of F,,, and F,.

O If P; is a common divisor of F;, and F,,, then d is a common divisor of m and n and so d is a
divisor of (m,n). Thus P, is a divisor of F{,, ,,). Therefore, If D is a common divisor of F,, and F,,
then D is a divisor of F{,,,) because D is a product of distinct irreducible polynomials P;. This

implies our assertion.
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Abstract
O

O The author provides a method to generate a new Poncelet pair imprimitively from some Poncelet

pair appeared in the numerical range of a matrix.

O

E. Conjugate figure for a classical Poncelet pair

00 We consider the following two circles C' and D on the Euclidean plane R? identified with the

Gaussian plane C:

O C={(z,y) e R*:2? +y* =1},
- D=3 (z,y) eR*: ( )2+ 10
=< (z (x—a = —
0 Y Yy 25 [
where a is a positive real number satisfying the equation
O
- 125a° — 575a* + 967a* — 5 = 0. (1.1)

O An approximate value of a is given by 0.0720181. We choose an arbitrary point P, = exp(i ;)

of the unit circle C. There exists a pentagon with vertices P; = exp(i 6;) :

O

a Oy < 0; <y, <03 <0y <by+2m,

(7=0,1,2,3,4) which is inscribed in C' and circumscribed in D. We use the convention
O

0 P5:P07 P6:P17 P7:P2-

O The equation (1.1) comes from the condition given by J. Steiner. We consider 5 pair of straight
lines P;P;1 and Pj2P;,3 (j =0,1,2,3,4) and their intersection Q; ( j =0,1,2,3,4). We use the
convention Q5 = y. The successive line segments Q;Q;41 (7 = 0,1,2,3,4) form a star figure on

the plane. If the point F, moves on the unit circle C, then the point Qg moves on the folowing

9
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ellipse C' :

H C' = {(z,y) € R*: (625a* — 1250a* + 49) 2 + a (—1250a* + 2500a* + 1950) =

E +(—1600a* + 64) y* + (1225a* — 5010a> — 375) = 0.} (1.2)
O The equation of the ellipse C” is given approximately by the following:

E 2 + 3.32365x + 1.30959y° — 9.42672 = 0. (1.2")

0 We remark that C’ and D form a Poncele pair. We choose an arbitrary point (), of the ellipse C".
Then there exists a star figure with 5 vertices whose vertices lie on the ellipse C' and whose sides
are tangents of the circle D. You will find analogous Poncelet pairs in some computer generating
figures by Jen-chung Chuan’s students (cf. [C]).

O

2. Conjugate figure for the Poncelet pair in a numerical range

0 We consider the following 4 x 4 real triangular matrix 7.

. 20/101 3960/4141 53460/252601 —1401543/36627145

E T 0 —9/41 2400/2501 —12584/72529 (2.1)
0 0 11/61 1716/1769 ’

. 0 0 0 —24/145

O

0 This matrix is of the form

E 0 VI—EVI—@ —an/T— a1 —daran/I— /- @

|0 . Wier N e T

0 0 0 as V1—d3\/1—a?

0 0 0 0 ay

0 (2.2)

for a; = 20/101, ay = —9/41, az = 11/61, ay = —24/145. A matrix T of the form (2.2) for
—1<a; <1(j=1,2,3,4)satisfies ||T|| =1 and

H det(t Iy — T*T) = det(t Iy —= TT") = (t = 1) ( — a® a2 a2 a2),
0
0 det(t I, —T) = (t —ay)(t —az)(t — a3)(t — ay).

O Hence T is a completely non-unitary contraction and the rank of the deficiency operator (I, —
T*T)'/? is of rank 1, hence T is in the class Sy (cf. [GW1 ], [GW2]). We consider T defined by

(2.1) as a small perturbation of the shift matrix

5
Il
o o o o
o o o
o o = o
o = o o
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in S;. The numerical range W (T') of T is defined by
g

5 W(T) = {(€T¢ € CLee =1}, (2.2
O The numerical range of W (1) of Ty is given by

O

. W(Ty) ={z€ C:|z| <cos(m/5)}.

O Hence the regular pentagon with vertices at

O 2k

. P, =exp(i(0+ Tﬂ-))

(k=0,1,2,3,4) is inscribed in the unit circle and circumscribed in the circle 9W (T}). We consider

a star figure with vertices at

g
: Q= 25 i 9 ZEEIT),
g

(k=0,1,2,3,4). We consider a star figure with vertices at P,’s and the corresponding regular

pentagon with vertices at

O

- 2%
0 R, = > 2\/5 exp(i (04 23T ;3)”)),
O

(k=0,1,2,3,4). The vertices @’s lie on the circle |z| = (3 + v/5)/2 and the vertices R’s lie
on the circle |z| = (3 — v/5)/2. The straight line joinig Py, P, and the straight line joining P,, P,
are parallel and those do not intersect on the Gaussian plane C. If we extend C to the Riemann
sphere, then the two parallel lines intersect at the infinity point oco.

O An analogous object to |z| = cos(m/5) for T is the boundary of W (T') or the boundary generating
curve of W(T'). We shall consider the figure analogous to |z| = (3 ++/5)/2, |z| = (3 —/5)/2 or oo

for the matrix T'. It is given by the algebraic curve on the Gaussian plane defined by the equation

H(fb, y) = Copo + CioT + Co0 ZE2 + C30 ng + Cq0 ZE4 + Cs0 ZES + Ce0 ZEG
teroa” + csox® + coo’ + cr007 + crrxt + oo x'
ey’ +cnry’ +ent®y +epd’ Y+ cnzt ' + e’y
tcea 0 Y2 + Cra 2T Y* 4 cra 2 Y + coa 27 Y? + cro002'0 P
teouy' + ez yt + eyt + ezt yt + ety
tesa 2’ Yt + coa 2yt + e a” Yt + csaa® Yt
+cos Y° + cr6 T Y° + c26 7 Y + 36 2° Y°
+eas 2t y® + cs62° Y° + cos 2 y°
+cos y® + cis T y® + cos 2P Y° + eag 2 y® 4 cas 2ty

10 2 10 12
+co0y  + 21027y + o2y T =0,
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where the coefficients are as the following :
coo = 1470918811373688664450325012904783919809,

c10 = 42028951027212904497831189596706357782790,

Coo = 2977764758100066128002234921298840047436205,
c30 = —639746262342905966269065448537311203204 7180,
cq0 = —412880180921964201640472826190728641417742210,
cs0 = 264382786265231620226846023176847442528515572,
ceo = 15531863899156283880876051126527673577166186130,
cro = —1666570401351856224087715180549371302950463280,
cso = —85567694994413519675284331276248373877042579495,
€90 = —610733107445941226247569209646062049034032490,
10,0 = 12943392578114723932402039061926544970234514689,
c11,0 = 74635871311258034314281665348812902338662380,
c12,0 = 107585039702950828285787656789503325374900,
Co2 = 3525897469814999159304439800141509021582476,
c12 = 4905327473941779344312815862624193970827312,
Coo = —80465906154576030935228420528175726909464432,
c30 = 474380287853308634898564484877831445748759104,
c42 = 46085666461943381910193132554771674981281588600,
cso = —H480958946148410853585064139446372116349329856,
Coo = —379636923415344744005532488531142768376960799392,
cre = —2663027820280301886815750856527299804711227648,
cgo = 69345626944452148694613735321311041091488017116,
Co2 = 384553676208571770949563554988582042139095120,
10,2 = —48103663870226952525225206516754238719048400,
cos = 468174950557979207360229831168057394877203094,
c14 = 196955538574000277980019603232538094509228716,
Coq = 44363030360121252444470046595445273211014863330,
¢34 = —6000519834030029249214066184919329480927375680,
cqq = —631368742653008270972882108861816999917618127790,
csa = —4358156947981079403848331022273348874532656964,
cea = 147918296686502035486062868665357331226368554814,
crq = 790164790797252978084873143333043754448845080,
csa = —201606734321576490141555667346086541890534600,
cos = 13694486439186055489425723606358850587286614716,
c16 = —2186979562418091761248585999873282102043104944,
cos = —466531240997809474869392146934102633312664461784,
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c36 = —3172108711223154307101189685839241138541104944,
c46 = 156971584206284513860663134374451968095498377036,
cs6 = 809048222061303826318058771775389859271804320,
ce6 = —314517879945017988265704145253135661130124400,
cos = —129247539585998670598383655290782474232954697891,
c13 = —866257461045813670516297767879963928913163138,
Cog = 82838573743434797792178842210199571866350584649,
c3s = 412610602012028561378750627433730393429741980,
¢y = —217025718071447517628277731348257064296513100,
co.10 = 17382515892037574950295424738959292217151260000,
1,10 = 83809394483381227198710734925489065119950000,
C2.10 = —H5897924225680272047123151051439983876500000,
co12 = 0.
0 We present the figure of the outer connected component of the curve curve
O

O
and the numerical range W (T') in Figure 1. The curve H(z,y) = 0 and the boundary generating

{(z,y) € R* : H(x,y) = 0},

curve of W (T') form a new Poncelet pair. We present a star figure related with this pair in Figure

Figure 1 Figure 2

I B A
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Abstract

In this note, we discuss the optimality of Riemannian cubic polynomials.

. Introduction

—OOOOoOOo0ODoooooboogoooogoQgdg

O The dynamic interpolation problem on Riemannian manifolds is a geometric variational problem
to minimize the L?-norm of acceleration of curves in Riemannian manifolds under some boundary
and relay points conditions (cf. [1] and [2]). It is a kind of spline interpolation problems. It
is originally motivated by nonlinear control problems such as robot motion plannings and flight
controls of aircrafts. The solution of the Euler-Lagrange equation is called a Riemannian cubic
polynomial. Then it is important to study the optimality.

O1In [1, Th.8.2], Camarinha, Crouch and Silva Leite obtained an optimality condition for cubic
polynomials in general Riemannian manifolds. In this note, we improve their result, and consider
the particular case in the hyperbolic space.

O

%. Preliminaries

O In this section, following [1] and [2], we recall some basic facts on Riemannian cubic polynomials.
0 Let M be a Riemannian manifold. For a C' piecewise smooth curve c¢: [0,T] — M, set
g
1 (" /D% D%

O J(c) == —, — ) dt,

() =3 /0 < FTERNPTE >
g
where D/dt is the covariant derivative. Let Q be the set of all C' piecewise smooth curves c :

[0, T] — M satisfying the boundary conditions

dce dc

cO)=p T)=q TO=v T

p (T) =w.

15
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We consider the variational problem for the functional J on 2.

0 The Euler-Lagrange equation is given by

O
D3V DV

O e +R<W,V>V—0,

O

where V' = dc/dt and R is the curvature tensor. The solution of this equation is called a Riemannian
cubic polynomial.

0

O Remark. If M is the Euclidean space, then it is just a cubic polynomial curve.

O

O For a cubic polynomial ¢, the index form I, associated with the second variation is given by

0
T /D2X D%y
I(X,Y) = == = X, F(Y,V)) b dt,
E ey /0{<dt2 dt2>+< | )>}

in T.Q of all C! piecewise smooth vector fields X along ¢ satisfying the boundary conditions
O

0 x=0 xm=o0 ZXoy=o ZXm)=0

O

where

O FY,V)= (V‘Q/R)(Y, VIV + (VyR)(VyV, V)V + R(R(Y, V)V, V)V
E YR(Y, VEV)V 4 2{(VyR)(V, Y, V)V + (Vy R)(Y, V, V)V

. F2R(VEY, V)V + 3(Vy R)(Y, V)V V

a L3{R(Y, VIVEV + R(Y,Vy V)V V) + 4R(V Y, V)V V,

and V is the Riemannian connection. If I. is positive definite in 7.2, then c¢ is a local minimizer
of J.

O

O Remark. If M is the Euclidean space, then every cubic polynomial is a local minimizer.

O

g. Lemmas

O

0 In the following, we use the prime to represent the covariant derivative.

O

0O Lemma 1. Let ¢ : [a,b] — M be a smooth curve, and X be a C° piecewise smooth vector field
along ¢ satisfying X (a) = 0. Then

O b

0 IXOIP< (b= a) [ 1XOI0, e lab)

0 a

O Proof. It is shown in the proof of Lemma 8.1 of [1].
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0 Lemma 2. Let c:[0,T] — M be a cubic polynomial. Then for X € T.0),

O
d
O F2(R(X', V)V, X) + 3(R(X, V)V, X)}
E +(R(X, V)V, R(X,V)V) + A,
where
D A=—(RX, V)V X)-28R(X,V)V'+ R(X',V)V + R(X, V"V, X")
O
0 _<(VVR)(X7 V)V/ - (VXR)(V/a V)V + 2(VVR)(X/a V)Vv X>
O Proof. It can be shown by a direct computation.
O
0 Remark. By Lemma 2, we have
a T T
0 LX)z [ xpa - [ g
0 0 0

for X € T.Q). The inequality (34) of [1] should be changed to the above inequality.
g

0

4. Results

U

0 Theorem 1. Let c: [0,T] — M be a cubic polynomial. Suppose that

- T3 f(T) + T%g(T) + Th(T) < 1,

O

where

. T

O A(T) = / {R)V'IIP + 2(VR) (O [VI]P|[V'|[}dt,

O T ’ T

O 9(T) = / {8R()IIVINIIV'| + 2(VR)(0)|VI[°}dt, WT)= / 2R(c)||V][*dt.
0 0 0

Then c is a local minimizer.

O

O Proof. First we have

E Al < REIXIPIVII? + 8RIX X [IVIV'I| + 2R ()| X |7 [V]]*
0 F2(VR) (o) || XIPIIVIPIVI + 2(VR) (XX VI,

17

where R(c) and (VR)(c) denote the norms of R and VR along c respectively. Using Lemma 1, we

can find that
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[ Al <{T°R(e)|[V'I]” + 8T R(c)|[VII[|[V'I| + 2T R(c) || V]|*
T
+2T(VR) (o) [[VIPIV']] +2T2(VR)(C)|IV||3}/ || X" dt.
0

O 0o oo

Integrating this inequality, we have
O

0 [ 14t < @)+ wgny e [P

0 0 0

Hence, by using Lemma 2, we get

O T

0 L(X, X) > {1 = (T°f(T) + T%¢(T) +Th(T))}/ || X"|[*dt
0 0

for X € T.Q2. By the assumption, I, is positive definite in 7,2, and c is a local minimizer.

O

0 Remark. The estimate in Theorem 1 is better than that in [1, Th.8.2].

O

0 Theorem 2. Let c: [0,T] — H™ be a cubic polynomial in the n-dimensional hyperbolic space
H™ of constant curvature —1. If

O

T
0 16T2/ IVIIV|lde < 1,
0 0
then c is a local minimizer.
O
O Proof. Since the ambient space is H™,
5 A= |[XIPIIV[]P = (X V)2 +6((X, XV, V) — (X, V(V', X))
|:| / / / !/ / !/
. F2([| X PIVI[P = (X7, V)?) + 2((X", XV, V) — (X, V)V, X))
0 > 6((X, X)(V', V) — (X", V)(V', X))
O +2(<X/aX><V7V/>_<X/a V/><V7X>) = B.
So, by Lemma 2,
a T T
0 LX) 2 [ X Pde - [ B

0 0
O
for X € T,Q2. Using Lemma 1, we can see that
O T
0 B < 6| VIIVIIRENIX < 167V [ 1P

0

O

Thus we have
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D T T

0 10X, X) > {1 S ||V||||V’||dt}/ X" Pdt
0 0

O

for X € T.Q2. By the assumption, I.. is positive definite in 7.2, and ¢ is a local minimizer.
O
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Abstract
O

O A multicriteria location problem with rectilinear norm in R"™ is considered. We propose an
algorithm to find all efficient solutions of the problem.
O

%. Introduction

0 Given demand points in R", a problem to locate a new facility in R™ is called a single facility
location problem. This problem is usually formulated as a minimization problem with an objective
function involving distances between the facility and demand points. It is assumed that m demand
points d; = (d}, d?, ---, d")T € R", i € M = {1, 2, ---, m} and rectilinear norm || - ||; defined on
R™ are given. Let @ = (x!, 22, - -+, 2™)T € R" be the variable location of the facility, and we put
D = {dy, ds, -+, d,,}. Without loss of generality, it is assumed that D ¢ {(z!, 22, ---, 2™)T €
R" : 29 =z} for each j € J = {1, 2, ---, n} and any z, € R. If its assumption is not satisfied,
then our n-dimensional problem reduces to a problem whose dimension is less than n. Our main

problem is a multicriteria location problem formulated as follows:
1 p— —_— —_— o oe e —_— T
EP) fin f(z) = (& —dils, |z = dofl, -, [lz = dnl[1)"

(P) is a problem to find an efficient solution. A point xy € R" is called an efficient solution of
(P) if there is no @ € R" such that f(x) < f(xy) and f(x) # f(xo). Let E(D) be the set of all
efficient solutions of (P). By the definition of the efficiency, each demand point is efficient in (P).

We also consider a minisum location problem formulated as follows:

0 m
(Pa) Jnin g(z) Ez;A |z —d;l|:
0 =

where A\’ is a positive weight for each d;, i € M. We put A = (A}, A2, -+ -, A™)T and denote the set

21
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of all optimal solutions of (Py) as S*(A).

0 In R? and R?, the set of all efficient solutions of (P) can be determined by using algorithms in [1]
and [6], respectively. (Py) can be solved by using an algorithm in [2]. In this article, (P) and (P )
with rectilinear norm in R™ are considered. Then we propose the Frame Generating Algorithm to
find E(D).

O In section 2, we give some properties of optimal solutions of (P ). In section 3, we give some
properties of efficient solutions of (P) by using properties of optimal solutions of (P ). In section
4, we propose the Frame Generating Algorithm to find E(D). Finally, we give some conclusions in
section 5.

O
% Optimality for (P} )

O In this section, we give some properties of optimal solutions of (P ).

0 The following theorem gives the relation between efficient solutions of (P) and optimal solutions
of (Py)-

Theorem 1. (See [7].) A point x, € R™ is an efficient solution of (P) if and only if xy is an
optimal solution of (Py) for some X > 0.

From Theorem 1, E(D) can be expressed as
gl) E(D)={x" € R" : " € S*(A) for some A > 0}.

Thus, in the following, we investigate properties of optimal soluitons of (P ).
0 Since the objective function of (Py), g, can be rewritten as
O

0 g@) =Y Nl —dilli =) XN [/ —dl[ =) > Na? —dll,
|:| 1=1 1=1 Jj=1 =1 i=1
(Py) reduces to n independent one-dimensional problems. Namely, * = (z'*, 2°*, ---, 2™)" €

S*(A) if and only if each 27*, j € J is an optimal solution of the following one-dimensional problem:
O

;) min g;(z) = Nz —d.
|:| 1=1

These one-dimensional problems can be solved by using an algorithm in [2]. For each j € J, we
denote all optimal solutions of (P;) for A as S7(A). In the following, we concentrate on (P;). In
other (P;), j € {2, 3, - - -, n}, we have the same results as in (P;).

OLet f: R — R be a convex function. We denote its left and right derivatives and subdifferential,

respectively, as L& 4@ angq o f (z). Namely,

de— ? dxt
O
i Y@y et = @) d@) o feto) - f@
- dx~ a0 «@ dxt al0 «

and
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O
o[ e )

Note that zo minimizes f over R if and only if 0 € 0f(x) (see, for example, [4]).
OForz € R, weput L(x) ={i € M: d} <z}, R(x) ={i € M: d} > x},and I(z) ={i € M: d} =

x}. The objective function of (Py), g1, is a piecewise linear convex function. It is not differentiable

df (z) df (év)]

de—  dzt

only at each d, k € M, and we have

O
dg () i i dg () i i
0 el HEEEED DIPSE R DEE C wl EENE D DEP N DR
0 v=dy  jer(dl) ieR(dL)UI(dL) v=dy  jer(dl)uI(dl) ieR(dL)
and
O
) dgr(di)=| 3 A= > A D X=X
U ieL(dl) i€R(ALUI(L)  i€L(dhyuI(dl) i€R(d))
O
From (2), di, € S7(A) if and only if
O
; = ISP SR
) ] T =l i€ L(d}) i€ R(dL)UT(dL)
. el D DEPUD DR L
. T =l ieL(dL)uI(dl) i€R(dL)

We put dpi, = min{d;: i € M} and dy,.x = max{d}: i € M}.
Lemma 1.([6]) For any fixed A > 0, ST(A) C [dmin, @max)-
g

[
%. Properties of Efficient Solutions

O In this section, we give some properties of efficient solutions of (P) by using properties of optimal
solutions of (P ).
O For xy = (2}, 22, -+, )T € R", xy is called an intersection point if 2}, € {d}: i € M}, j € J.

We denote the set of all intersection points as I, and put

g _ _ _ .

0 d . =min{d} :ie M}, d&, =max{d}:ie M}, jeJ

Then

: B={(!a%,a") T € R i dhy, <2 < )i € T}

is called the intersection box (see Figure 1). From Theorem 1 and Lemma 1, E(D) C B.

O Let {ey, e, - - -, €,} be the canonical basis of R", that is, for each e;, j € J, the jth component
is one and the others are zero. Let ), = (x}, =i, -+, #/)T and x, = (x}, =7, -+, )" be

intersection points. For each j € J, we call x; an ej-oriented intersection point (resp. a —e;-

oriented intersection point) adjacent to @), if &l > i (vesp. &l < 1) and ! = 2! for j' # j and
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there is no x, = (x!, 22, -+, 27)T € I such that 2], < 27 < x], (resp. z], < 2! < z}).

0 For each j € J, let d{l], d{Q], ey d{mj] be all distinct real numbers among d’, d}, - - -, d’. such that
diy < djy < -+ < dj, , and we put

0 , :

0 ngflz{dfk]}, k=1,2,---,my

and

D J J J

0 By = [d)y,diy )y k=1,2,-,m; — 1.

For each k; € {1, 2, -, 2m; — 1}, j € J, F}\, x F? X --- x F is called a box. Moreover, if k
numbers are even among ki, ks, - -+, ky, then F} x FZ x --- x F is called k-dimensional box

(see Figure 1).

O For any fixed A > 0, S*(X) = F|, x F7 x --- x F for some k; € {1,2, ---,2m; — 1}, j € J.
Therefore, E(D) is the union of some boxes. The union of all one-dimensional boxes in F(D) is
called the frame of E (D).

d2 = (07 07 2)T

the intersection box

iy w—

intersection points (three-dimensional) box

N

'd4 = (27 47 O)T

d3 = (07 27 _2)T

dl = (47 07 _1)T

Figure 1. Intersection points, the intersection box, a box.

O oo ooo0oDoooooogogooogodg

Theorem 2. ([10]) Let hy(w) and he(w) be convex functions defined on R, where h; is minimized
at wy, i = 1, 2 and wy; < wy. Then, given any W € [wy, wsy], there exists 6 € [0, 1] such that w
minimizes Oha(w) + (1 — 0)hy(w).

0 The followng corollary can be shown by the same way as the proof of Corollary 1 in [6].
Corollary 1. For x, = (z}, 22, -, 27, @y = (2}, 23, - -, 2))T € B, it is assumed that z]° #
x for some jo € J and ¥ =z, j # jo. We put &* = ax; + (1 — a)xy, a € (0, 1) = {y € R: 0
<y <1} Ifxy, xzy € E(D), then x* € E(D).

Proof. Without loss of generality, we assume that z! < z}, 2z = 2J,j € {2,3,---,n}. Since
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Xy, T+, € E(D), ¢ € S*(A;) and x, € S*(Ay) for some A; > 0 and Ay > 0 by Theorem 1.
Thus, 2} € S;(A1), x5 € Si(X2) and 21, 2} € Si(A) N Si(A2), j € {2, 3, --+, n}. For each
J€42,3,---,n}, if we put 27* = ax] + (1 — a)zj, then 27* € S5(0A; + (1 —0)A;) for any 0 € [0, 1].
We put z'* = ax] + (1 — a)xj. Since ] < z'* < a3, there exists 6; € [0,1] such that z'* €
S7(01A1 + (1 — 61)X;) by Theorem 2. Since x* = (x'*, 2%, -+ 2™)T € S*(1 A1 + (1 — 61)A,), =*
€ E(D) by Theorem 1. O

Corollary 2. Forx, = (z}, 22, .-+, a7)7

, Ty = (3, 3, - )T,y = (23, 22, -, 25)T € B, it
is assumed that ©3° < x < ¥ or }° > x> x for some jo € J and x| = x, = 3, j # jo. If
x, € E(D) and zy ¢ E(D), then 3 ¢ E(D).

Proof. Assume that x3 € F(D). Since &, = ax; + (1 — a)x;3 for some a € (0, 1), x5 € E(D) by
Corollary 1. This contradicts the assumption that , ¢ E(D). O
Theorem 3.([6]) Let hi(w) and he(w) be convex functions defined on R, where h; is minimized at
w;i, i =1, 2 and wy < wy. Then, given any W € [wy, wy|, {6 € [0, 1] : W minimizes Ohy(w) + (1 —
O)hi(w)} is a closed interval.

0 The followng corollary can be shown by the same way as the proof of Corollary 2 in [6].
Corollary 3. For x), = (z}, z3, -+, 2)7, & = (x}, 23, -+, 1)1 € E(D) () I, it is assumed
that Jo = {j € J: a), # x.} # 0. For each j € Jy, let y; = (W, 5, - yp)" be an ej-oriented
intersection point (resp. a —ej-oriented intersection point) adjacent to xy, if :EfI > :17{C (resp. :EfI <
x}). Then there exists j, € Jy such that y,, € E(D).

Proof. Without loss of generality, we assume that 2}, < 27, j =1, ---, s (< n) and 2], =z}, j =
s+ 1, -+, n. We shall show only the case s < n. It can be shown similarly when s = n.

0 Since xy,, ) € E(D), z;, € S*(Ay) and x;, € S*(Ag) for some A, = (A}, A2, -+ AT > 0 and A,
= (AL, A7, -+, AT > 0 by Theorem 1. Then, for any j € J, 2, € S7(A;,) and z], € S;(X;). Since
x; < yi < xp, there exists §; = min{6 € [0, 1] : y; € S7(OA, + (1 — 6)Ax)} by Theorem 3. Then
we shall show that x} € S7(6A, + (1 — §)A,) for any ¢ € [0, 6,]. It is trivial when 6; = 0. Thus,
we assume that ¢; > 0. We put n = §/6, and Ay = 0, A, + (1 — 01)A,. Then 6N, + (1 —0) A, 0
€ [0, 0,] can be expressed as nf A, + (1 —nby) A, = A1 + (L =), n € [0,1]. We put fi(x) =
St Nz —d and fi(z) = D7 Abjz — d}|, where XY = 6,0; + (1 — 6,)Ai, i € M. Since yi €
S7(A1) and 73 € ST(Aw), Of1(yi) = [ai, as] and O fy.(z1.) = [b1, by] for some ay, ay, by, by € R such
that a; <0 < ay and by <0 < by. Since y; < z}, 0f1(x}) = [a}, ab] and df(yy) = [V}, b] for some
ay, ay, by, by € R such that ax < a) < aj and b] < b, < b;. These follow from the fact that w <
w', y € Oh(w) and ¢y € Oh(w’) imply y <y for any convex function h defined on R (see [4]). For
1 € [0,1], we put G(n) = ndfi(xy) + (L—n)dfu(x)) = [br+n(ai —b1), ba+n(ay —bs)] and H(n) =
nofi(yt) + (L —=n)0fi(yr) = [0 +mnar — 1), by +n(az —by)]. Note that d(nfi(zy) + (L — n) fi(zy))
=ndfi(zy) + (L =n)0fu(xy) and d(nfi(yr) + (1 — n)fi(yr)) = n0fi(y1) + (1 —1)9 fi(y). Holding
the above equalities is proven in [4]. By definitions of 6; and 7,

0
) 0€ H(1),0¢ H(n),ne 0, 1]\{1}.

Thus, it needs that a; = 0 and b, < 0. By Theorem 2, for 2, € (y;, x}), there exists ny € [0, 1]
such that xy € S;(noA;r + (1 — no)Ax). In this case, [y, x3] C S;(noAr + (1 — no)Ax). Thus, we
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have 0 € G(ng) (V1 H (no). From (4), it needs that ny = 1. Since it needs that a; = 0, 0 € G(n) for
any 7 € [0, 1]. By the definition of G(n), z; € S;(nA + (1 — n)A;) for any n € [0, 1]. Namely, by
definitions of n and Ay, x; € S7(6A, + (1 — §)Ax) for any & € [0, 0;]. Similarly, for each j € {2,
3, -+, s}, there exists 6; = min{f € [0, 1] : y} € S¥(6A, + (1 — 6)Ax)} by Theorem 3, and then
z], € SH(6A, + (1 — 0)Ax) for any § € [0, 6,].

0 On the other hand, for each j € {s+1, -+, n}, since ] € S7(Ay) " S (Ap), i, € S; (0, + (1
— 0)Ay) for any 6 € [0, 1]. We put §;, = min{6;: j € {1,2,---,s}} and X;, = 0;,\, + (1 —6;,) As.
Then y, € S5(Njo), J # jo and yr € S5 (Aj,) by the definition of 0;,. Since y,; € S*(X;,), y,, €
E(D) by Theorem 1. O
Form Corollary 1 and 3, there exists “zig-zag path” between any two efficient solutions of (P).
Moreover, the frame of E(D) is connected. If the frame of E(D) can be determined, then E(D)
can be constructed. Thus, we give an algorithm to find the frame of E(D) in the next section.

g

O]
%. Algorithm to Find All Efficient Solutions

O In this section, we propose the Frame Generating Algorithm to find E(D).
O In the Frame Generating Algorithm, checking that an intersection point is efficient in (P) or not

is needed. Thus, in the following, we state how to check it.

O Let @y = (2, 22, - -+, z7)T be an intersection point. Form Theorem 1, z, € E(D) if and only if
xy € S*(A) for some A > 0. For A > 0, 5 € S*(A) if and only if
0 d
g;() _ i i ;
. H |, T 2 NT 2 Ns0ged
(5) dg (2) TR ieLy(af) i€R; (z) U1 ()
9i\x _ i i :
0 dzt | _, 2 X- ) ANz0jed
0 T el (@))uI; (=) i€R; ()

from (3), where L;(z}) = {i € M: & < x}}, R;(z}) = {i € M: d} > 2})} and I;(z)) = {i € M: d’
=z} for each j € J. Therefore, ¢, € E(D) if and only if there exists A > 0 which satisfies (5).
If we put, fori € M and j € J,
1 ifie Li(x)),
;i = . .
T 41 ifi e Ry UTi(ad),

—1 ifi € Ry(x}),
Qi pyi — . .
T+ ifie Li(ad) UTi())

O Ooo0ooogod

and A = (a;;)" € R**™ then (5) can be expressed as AX > 0. In other words, z, € E(D) if and
only if AX > 0, A > 0 has a solution A. In order to check that the latter condition is satisfied or
not, the following theorem can be applied.

Theorem 4. ([9]) For each given matrix A, either

I AT <0, ATp # 0, > 0 has a solution p
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or
O .
DH AX > 0, XA > 0 has a solution A

but never both.
From Theorem 4, AX > 0, A > 0 has a solution A if and only if the optimal value of the following

linear programming problem associated with x, is zero:

O

0 minimize Za?u
P 1=1

a.p) subject to ATp <0

. pn=0

O

where a; is the ¢th column vector of A. Therefore, we can check that an intersection point xg is
efficient in (P) or not by solving (LP), and have the following theorem.

Theorem 5. Forx, € I, ¢y € E(D) if and only if the optimal value of (LP) associated with xy is
zero.

Remark. In view of the fact that the frame of E(D) is the union of all one-dimensional boxes in
E(D), which is connected, we can construct a connected graph (V, E), where V. =TI (| E(D) and
E is the set of all arcs in the graph. Given ¢, x5 € I (| E(D), the arc a(x;, ;) which connects
x; and @, is in F if and only if ; and x, are adjacent and efficient in (P). This concept will be
the guide for describing an algorithm to locate the frame of E(D).

O In the Frame Generating Algorithm, the set of all intersection points, I, is expressed as

O
O

The Frame Generating Algorithm finds one-dimensional boxes in the frame of E(D), which are

I'={(dj)s diys - dp, )" €R" 1 hy € {1,2,--,my}, 5 € T}

connected with any initial point d, € D. L is the set of checked intersection points which are
connected with the initial point through intersection points. S C L is the set of intersection points
which have been checked that one-dimensional boxes connected with them are contained in E(D)
or not. G, H C I are sets of checked intersection points which are efficient and not efficient in (P),
respectively. We use T as the union of one-dimensional boxes in E(D) which have been checked

before. Moreover, for x, y € R™, we put [z, y] = {(1 — Nz + Ay: A € [0, 1]}.
[]
%‘he Frame Generating Algorithm

Step 0. Set S=0, H=0, G=D and T = (). Choose any d;, € D and set L = {d,}.
Step 1. If L = S, then stop. (7' is the frame of E(D).)
Step 2. Choose any o = (djj, df,,;, -+ dfi. )" € L'\ S and set S = S {J {xo}.
Step 3. Set W = (). For each j € J,
(a) If k; > 1, then set ®_; = (dy,;, -, d{krl], vy dp,)t and W =W [ {z_;};

O (b) If k; < my, then set @; = (djy,}, =+~ djy )5 -+ dp)) " and W =W [ {z;}.
Step 4. If W = 0, then go to Step 1, otherwise choose any x,, € W and set W = W \ {x,}.
Step 5. If [z, «,] C T, then go to step 4.
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(a) If x, € G, then set T = T | [xo,
to Step 4.

(b) If @, ¢ H, then check x, € E(D) or not by solving (LP) associated with x,

E(D), thenset T =T | [xo,
(¢c)Ifx, € Horx, ¢ HJE(D), then set j = || and

HU{(dj,), -+ d

T dﬁgn])T

p=1,2,---

I

ky—1}

if n <0,

x,], and if x, ¢ L then set L = L |J {z,}, and go

e, €
xz,),G =G {z,}, L=LU {x,}, and go to Step 4.

O

o H= {
O
and go to Step 4.

H U{(dj,

[
laIumerical Example

-,d&n])T:p:k‘j—l—l,---,mJ—} if n >0,

0 We consider a multicriteria location problem (P):

U
U

where d; = (3, 0, 4, 1)

min (|2 — du|y, ||z = da[|1, |z = ds|l, & = dally, [l — ds][1)"

) d2 = (4’ 25 05 2)T7 d3 = (2a 1a 35 3)T7 d4 = (Oa 45 55 4)T

7d5:

(1’ 5’ 2’ 5)T7

and we shall find E(D). In this case,n =4, m =5, J = {1, 2, 3,4}, M = {1, 2, 3, 4, 5}. We put

g p(ky, ko, by, kea) = (g, a3 &y di )T For, ks, s, ka € M.
In this case,
E (d[ll],d[g] ALY = (0,1,2,3,4),
- (d2), d%,d ,dﬁ.)) (0,1,2,4,5),
- (df’l],df’z,] i) = (0,2,3,4,5),
- (dby, dby. d ,dﬁ.)) (1,2,3,4,5).
Applying the Frame Generating Algorithm to this problem, we have the frame of E(D), T, as
follows:
T =[PP UP1, Pl VP2 pig] U [Py, Pa] U [P3, p5] U [Py D] U [P3, P2
UlP4: Ps| U [Pas Prol U [Pas Pos] U [P5. Pe] U [Ps, P7] U [P5, P12] U [Ps5, Par]
UlPg: Ps| U [Pg: P13] U [Ps, Pas] U [P7, Ps] U [P7, P1a] U [P7, P3o] U [P, P13
UlPs, P31] U [Pgs P1o] U [Py, P1o| U [Py, P3a] U [Pro: P11l U [P1g, P15] U [Pros Py
UlP10, P33] U [P11, P1s] U [P12, P1s] U (P12, Pra] U (P12, P3a] U (P15, Py
UlP13, P35] U [P1a, P1s] U [P1y, P3g) U (P15, Pi6) U (P15, P37] U (P17, Py
UlP19, Pao] U [P1g, Pa1] U [P1g, Pag) U [P1g, Pao] U [Pag, P2o] U [Pag, Por]
UlP20, Pa1] U [Pa1, Paz] U [Pa1, Pao] U [Pa1, Pas] U [Paz, P3o] U [Pa2, Pl
UlP23, Paa] U [Pa3, Pag] U [Pa3, Pag) U [Pay, Pas] U [Pay, Par] U [Poy, P32
UlP24> Paz] U [Pas, Pas] U [Pas, P3s] U [Pag, Par] U [Pag, P2o] U [Pag, Pus]
U[Pa7, Pas| U [Pars Pso) U [Pars Paa) U [Pars Pagl U [Pogs P3| U [Pag, P
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UlPag, P30l U [P2g, Pso] U [Psos Ps1] U [Pso, Psgl U [P3o, P51 U [Ps1, Pl
UlP32, P3s] U [P32, P3a] U [Ps3s Pss] U [Paas P3| U [Psy, P3| U [P35, Psv]
UlP36, P37l U [P3s, P3o] U [Psss Paz] U [Psgs Pus] U [Pag, P U [Pao, Pas]
UlPao, Pas] U [Pa1, Pas] U [Pars Pag] U [Paas Pus] U [Pus, Paa] U [Pas, Pso]
UlPass P51 U [Pas, Pag] U [Pass Psa] U [Pags Paz] U [Pas, Pas| U [Pag, P53
UlPa7, Pagl U [Pas, Pag] U [Pass Pso] U [Pags P51l U [Pso, P51 U [Psa, P33
where
p=p(1,4,44), p,=p(1,4,54), p;=p(23,23), p,=p2324),
ps =p(2,3,3,3), pPe=p(2,3,3,4), p;=p(2,3,4,3), ps=p(23414),
Py =p(2,4,2,3), P1y=0(2,4,2,4), p;1=p(2,4,2,5), p,=p(2,4,3,3),
P13 =p(2,4,3,4), puu= (2 4,4,3), p15=p(2,4,4,4), p;s=p(2,4,5,4),
Pir =p(2,5,2,4), P15 =p(2,5,2,5), Py =0(3,2,3,2), Py =0(3,2,3,3),
Po1 = p(3,2,4,2), Py =p(3 a2a4 3)y P2y =p(3,3,2,2), Py =p(3,3,2,3),
Pos = P(3,3,2,4), P =0(3,3,3,2), Py =p(3,3,3,3), Pog =p(3,3,3,4),
Doy = D(3,3,4,2), Py =0(3,3,4,3), Py =p(3,3,4,4), ps =p(3,4,2,3),
P33 = P(3,4,2,4), p3y=p3,4,3,3), p3; =p(3,4,3,4), pss =p(3,4,4,3),
Py =p(3,4,4,4), pys=p(4,1,4,1), py =p(4,1,4,2), p,,=p(4,2,3,2),
P =p(4,2,3,3), Pp=p42,4,1), py=p42,4,2), pu=p4243),
Pis =p(4,3,1,2), py=p(4,3,2,2), psy;=p43,2,3), pis=p43,3,2),
Pi =p(4,3,3,3), Pso=0(4,3,4,2), ps; =p(4,3,4,3), ps, =p(5,3,1,2),
P53 = p(5,3,2,2)
O
0

5. Conclusions

O We dealt with multicriteria location problems with rectilinear norm in R™. Our main interest was
to find E(D). First, as corollaries of Theorem 2 and 3, we obtained characterizations of efficient
solutions of (P) by using properties of optimal solutions of (P ). They guarantee that E(D) can
be determined by the frame of F(D) and that the frame of E(D) is connected. Next, we obtained
another characterization of efficient solutions of (P) as Theorem 5, which enables us to check that an
intersection point is efficient in (P) or not. Finally, based on these results, we proposed the Frame
Generating Algorithm to find the frame of F(D). The Frame Generating Algorithm generates the
frame of E(D) by tracing one-dimensional boxes in E(D).

O
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Abstract
O

0 O The technique to express the physical processes or the objects related to some technological
problem in the computer and to investigate their natures is called as simulation. One of the most
attractive objects is neutrino because it hardly interacts with matters just like called as a ghost
particle. Recently, neutrino is received much attentions by the reports on SuperKamiokande experi-
ments (called as SK experiment). Many scientists, of course, attend to the SK experiment performs
many simulation calculations on the neutrino interaction. But many problems are remained unre-
solved yet such as distributions of Cherenkov lights from muons or electron cascades, discrimination
of electron neutrinos from muon neutrinos, resolutions for vertex points of produced particles in
SK, resolutions for the directions of observed particles in SK, and so on. We started simulation
calculation on neutrino interactions in SK on the critical point of views of the experiment. In this
report, quasi elastic scattering (QEL scattering) of neutrinos is introduce, at first, because it is the
most effective interaction to detect neutrinos in SK. Also techniques to simulate QEL scattering

are introduced.
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