
Wringing of cubic polynomials with critical orbit
relations

Shizuo Nakane ∗

In this note, wring deformation of cubic polynomials is investigated. Especially, turning de-
formation of maps with critical orbit relations is studied. It is described via the fractional Dehn
twist and the hemidromy is calculated.

1 Introduction

Let Pd be the family of monic centered polynomials of degree d ≥ 2. For P ∈ Pd,
let ϕP be its Böttcher coordinate and gP (z) = log+ |ϕP (z)| be the Green function
for P . For a complex number u ∈ H+ = {u = s+ it ∈ C, s > 0}, put fu(z) = z|z|u−1

and we define a P -invariant almost complex structure σu by

σu =

{
(fu ◦ ϕP )∗σ0 on UP ,
σ0 on K(P ).

Then, by the Measurable Riemann Mapping Theorem, σu is integrated by a qc-map
Fu and Pu = Fu ◦P ◦F−1

u ∈ Pd. Thus we define a holomorphic map WP : H+ → Pd

by WP (u) = Pu. This qc-deformation, what we call wringing, was originally defined
and developed in Branner-Hubbard [BH1, BH2]. See also Branner [B].

The Böttcher coordinate ϕPu of Pu is equal to fu ◦ ϕP ◦ F−1
u . Since Pu is hybrid

equivalent to P , it holds Pu ≡ P for P ∈ Cd, the connectedness locus. The wringing
yields special type of curves in the escape locus Ed. For P ∈ Ed, we define the
stretching ray through P by

R(P ) = WP (R+) = {Ps; s ∈ R+},

and the turning curve through P by

T (P ) = WP (1 + iR) = {P1+it; t ∈ R}.

In case d = 2, stretching rays and turning curves coincide respectively with the
external rays and equipotential curves for the Mandelbrot set.

In this note, we investigate the monodromy or the hemidromy map. The mon-
odromy map is the first return map along the turning curve. These maps turn out
to be obtained from the pull-backs by ϕP of what we call the Dehn twist on an
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annulus in the Böttcher coordinate. We will investigate the orbit by the hemidromy
of some examples of cubic polynomials. It essentially depends on the pattern or the
critical portrait of the map P . It turns out that the hemidromy map is not transitive
among the maps with a given critical orbit relation. This is different from the case
of the central hyperbolic component of cubic polynomials, i.e., those cubics with both
critical points in the immediate basin of an attracting fixed point.

2 Turning of cubic polynomials

We consider the family of cubic polynomials :

P (z) = Pa,b(z) = z3 − 3a2z + b; a, b ∈ C.

Note that the critical points are ±a and their co-critical points are ∓2a respectively.
After [B], we prepare some notations. Level curves of the Green function gP are
called equipotential curves. If we put G(P ) = max{gP (a), gP (−a)} and UP = {z ∈
C; gP (z) > G(P )}, then ϕP : UP → {|z| > exp(G(P ))} is a conformal isomorphism.
Thus the ray RP (t) = ϕ−1

P ({re2πit; r > exp(G(P ))}) is called the external ray with
external angle t ∈ R/Z. Since ϕP satisfies the functional equation ϕP (P (z)) =
(ϕP (z))n, we can extend it by this equation. Thus external rays can be also continued
until they meet the precritical points. Just two external rays hit the critical point
a. The map ϕP can be analytically continued to a neighborhood of the co-critical
point −2a.

For ρ > 0, we define
Sρ = {P ∈ E3; G(P ) = ρ}.

This set is invariant under turning.

Lemma 2.1. T (P ) ⊂ Sρ if P ∈ Sρ.

proof. Suppose P ∈ Sρ. We may assume G(P ) = gP (a) = ρ. Then G(P1+it =
log |ϕP1+it

(at)| = log |f1+it(ϕP (a))| = gP (a) = ρ. This completes the proof. �

In the sequel, we consider the subset of the parameter space :

Hρ = {P ∈ Sρ; gP (a) = G(P ) > gP (−a)}.

Then ϕP (−2a) is well defined there, hence we put Φρ(P ) =
ϕP (−2a)

|ϕP (−2a)| and, for

θ ∈ R/Z, we define
Fρ(θ) = {P ∈ Hρ; Φρ(P ) = e2πiθ}.

Then we have

Theorem 2.1. ([B], Theorem 6.2)
The map Φρ : Hρ → S1 is a trivial topological fibration with fibers homeomorphic to
the unit disk.
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Thus each Fρ(θ) is a disk transversal to the wringing leaves. Put Tρ,θ(P, t) =

WP (1 + i
2πt

ρ
).

Lemma 2.2. Tρ,θ : Fρ(θ) × {t} ∼= Fρ(θ + t).

proof. If P ∈ Fρ(θ), it follows ϕP (−2a) = ρe2πiθ. Put Pt = WP (1+ i
2πt

ρ
). Then

ϕPt(−2at) = f1+2πit/ρ(ϕP (−2a))

= eρ+2πiθeρ·2πit/ρ

= eρ+2πi(θ+t),

which completes the proof. �

Thus, if we put t = 1, we can define the monodromy Mρ : Fρ(θ) → Fρ(θ) by

Mρ(P ) = WP (1+ i
2π

ρ
). This map is the first return map to Fρ(θ) along the turning

curve through P .

3 Fractional Dehn twists

In this section, we describe the monodromy map Mρ via the fractional Dehn twist
on an annulus.

Let Ar = {z ∈ C; r < |z| < r3} be an annulus. The fractional Dehn twist Dq of
fraction q ∈ Q on Ar is just defined by

Dq(R exp(2πit)) = R exp(2πi(t + q
log R

log r
)).

Put u = 1 +
2πi

log r
. Then the map fu(z) = z|z|u−1 is a qc-map Ar → Ar of the

form :

fu(Re2πit) = R exp(2πi(t +
log R

log r
)),

which is just the Dehn twist D1 on the annulus Ar. See the following figure. It
spirals twice around the origin.
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Put u′ = 1 +
πi

log r
. Then the map fu′ coincides with the Dehn twist D1/2. The

map −fu′ = −D1/2 spirals just once as follows

and the map z �→ fu(z) is the second iterate of the map z �→ −fu′(z). Hence, if we

put Hρ(P ) = −WP (1 + i
π

ρ
), it follows Mρ = H2

ρ . The map Hρ : Fρ(θ) → Fρ(θ) is

called the hemidromy.
These Dehn twists on the annuli in the Böttcher coordinate are pull-backed by

ϕP on the annuli in the dynamical plane. Consider the subset An = {z ∈ C;
ρ

3n+1
<

gP (z) <
ρ

3n
}. Each connected component of An is an annulus, which we call an

annulus of level n.
Then P maps each annulus A of level n onto an annulus A′ of level n − 1 with

some degree depending on whether the annulus A surrounds the critical point −a
or not. See Figure 1. The shadow region is an annulus A of level 0. P maps A
homeomorphically onto A′, an annulus of level −1.

a

−a
P (a)

A
A′

Figure 1: Annuli in the dynamical plane

ACADEMIC REPORTS Fac. Eng. Tokyo Polytech. Univ. Vol. 29 No.1 (2006) 4 



Lemma 3.1. ([BH2])
If A ∈ An surrounds −a, the map P : A → A′ is a covering of degree two. The
Dehn twist Dq on A′ is pull-backed by P to the Dehn twist Dq/2 on A. Otherwise,
the map P : A → A′ is an isomorphism and Dq on A′ is pull-backed to Dq on A.

4 Hemidromy of cubic polynomials

We will compute the hemidromy in some cases. Consider the space Fρ(2/3). For
P ∈ Fρ(2/3), the external rays RP (0) and RP (1/3) hit the critical point a. Note
that the wringing preserves the critical orbit relation. Hence, if P ∈ Fρ(2/3) satisfies
P k(−a) = a for some k > 0, then so does Hρ(P ). In case k = 2, there exist essentially
three cubic polynomials. The following three figures describe the dynamical plane
of those three polynomials. In those figures, equipotential curves and external rays
through both critical points ±a, a critical value P (−a) and a co-critical point 2a
with their angles are drawn.

Proposition 4.1. The map P1 of Figure 4 is fixed by the hemidromy. The maps P2

of Figure 2 and P3 of Figure 3 are interchanged by the hemidromy. Consequently,
the monodromy fixes all these maps.

proof. Consider the map P2 of Figure 2. In its dynamical plane, there is an
annulus A surrounded by the equipotential curves passing through a and P (−a).
This annulus surrounds −a. Hence by Lemma 3.1, the Dehn twist −D1/2 on its
image annulus in UP is pull-backed to the Dehn twist −D1/4 on A. By this Dehn
twist, the critical value P (−a) is mapped to the position just in Figure 3. Thus the
hemidromy interchanges P2 and P3. (But the monodromy fixes them.)

On the other hand, in Figure 4, the corresponding annulus does not surrounds
−a, hence the Dehn twist does not change the position of P (−a) and P1 is fixed by
the hemidromy. This completes the proof. �

We can construct a map that is not fixed by the monodromy. Consider the map
P4 in Figure 5. This represents the annuli of level 2. The hemidromy changes the
left one to the middle one. Thus the monodromy changes the left one to the right
one. Thus Mρ(P4) �= P4 and M2

ρ (P4) = P4. By the same way, we have

Theorem 4.1. For any k > 0, there is a map that is Mρ- periodic with period 2k.
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Figure 2: Map P1 : mapped to P2 by the hemidromy
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Figure 3: Map P2 : mapped to P1 by the hemidromy
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Figure 4: Map P3 fixed by the hemidromy
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7Wringing of cubic polynomials with critical orbit relations



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.20000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.20000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




