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                                  ABSTRACT

  A  general theory  for the three-dimensional deformatien  of porous materials  is presented
to formulate a boundary value  problem. The  theory deals with  a  two-phase  material  con-

sisting  of  viscoelastic  skeleton  and  incompressible water.  The  effective  stress-strain  relation-

ship  of  the viscoelastic  skeleton  is assumed  to follow the linear theory of  viscoelasticity

developed by Gurtin and  Sternberg which  is based on  the Stieltjes convolution.

  In the Iatter half of this paper, the triaxial compression  creep  test is analyzed  as  a  boundary
value  problem.  In the triaxial compression  creep  test a  cylindrical  sample  is used  which  is
subjected  to the radial  and  axial compressive  stresses  under  drained conditions.  Drainage
from  a  sample  takes  place only  at  its cylindrical  wall  and  not  on  its ends.  Under these
conditions,  the solution  is obtained  through  the Laplace transformation. The  deformation
anct  the effective  stress  in a  sample  are  obtained  by applying  the 

,inverse
 Laplace transfor-

mation.  The  solution  reveals  that the  deformation of  a sample  is composed  of  two  parts,
one  is the immediate change  which  is caused  by the deviator stress,  the other  is the time
dependent change  which  is caused  by the mean  effective  stress.
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IGC:

                               INTRODUCTION

 The  three-dimensional deformation of  a  saturated  clay  is reduced  to a  problem  of  investi-
gating the behaviour of  a  soil-water  system  consisting  of  two  parts, the soil  skeleton  and

the pore water.  Ever  since  the one-dimensional  consolidation  theory  based on  the  concept

of  effective  stresses  was  established  by Terzaghi (1924), a  rapid  advance  has been rnade  in
this field of  soi!  meehanics.  Extension of the consolidation  theory from one-dimensional

analysis  to three-dimensional analysis  led to two  analytical  procedures. The  one  sets  up  a

partial differential equation  to solve  for the  excess  pore  water  pressure alone  (Rendulic,
1935; Schiffman, 1958) and  the other  solves  simultaneous  partial differential equations  for

the excess  pore water  pressure and  the displacement  of  soil  skeleton.  (Biot, 1941).

  For many  problems of  three-dimensional consolidation,  the  former treatment has been
used  by  many  investigators (Carrillo, 1942 ; Barron, 1948 ; Richart, 1957 ; Akai, 1953). In this
case  it is relatively  easy  te solve  the problem  because the only  unknown  is the excess  pore
water  pressure, ignoring the deformation of  soil  skeleton.  Meanwhile  the analytical  solution

of  the latter generally involves some  diMculties, because partial differential equations  have

*
 Assistant, Disaster Prevention  Research  Institute, Kyoto  University, Gokasho, Uji, Kyoto.
 Written discussions on  this paper  should  be submittecl  before October 1, 1973.



The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

20 OHMAKI

to be solved  for the  excess  pore water  pressure and  the deformation of soil skeleton.  But
this is a  more  general procedure to solve  the consolidation  preblem  because the behaviour
of  both the soil  skeleton  and  the  pore water  can  be obtained  explicitly.  This treatment
becomes  important in dealing with  a two-phase  porous material  like a  saturated  clay  in the
analysis  of  settlement  of  or  flow through  soil  layers.

  McNamee  and  Gibfion (1960 a, b) solved  these equations  for the plane strain and  axisym-

metric  problems. And  some  solutions  of  boundary value  problems  were  given by making

use  of  Biot's theory (Gibson and  McNamee,  1957; Schiffman  and  Fungaroli, 1965).

  On  the  ether  hand, Taylor and  Merchant  (1940) pointed out  that the secondary  compres-

sion  of  a  saturated  clay  was  caused  by the visceelastic  property of  soil  skeleton,  considering

that the time dependent  deformation of  a  saturated  clay  is attributed  to squeezing  out  the

pore water  and  to the viscoelastic  properties of soil skeleton.  Biot (1954, 1956) also developed
a  consolidation  theory of  an  anisotropic  porous material,  applying  a  linear theory  of  visco-

elaSticity.  The  linear theery of  viscoelasticity  is based on  the assumption  that  a  stimulus-

response  relationship  of  a  material  obeys  the  principle of  superposition.  Attempts have been
made  for the  generalization of  this theory by many  investigators.

  Therefore the three-dimensional consolidation  theory pertaining to the secondary  compres-

sien  of  a  saturated  clay  should  be obtained  by combining  Terzaghi's concept  of  effective

stresses  with  the theory of  viscoelasticity.  But at  the present time the viscoelastic  theory
is not  fully developed to determine  the  consolidation  constants  of  a saturated  clay  if not  for
the  one-dimensional  analysis.

  This  paper states  firstly the  three-dimensional con$olidation  theory of  a  two-phase porous
material  composed  of  the incompressible pore water  and  the viscoelastic  soil  skeleton,  in
which  a  linear theory of  viscoelasticity  developed by  Gurtin and  Sternberg (1962) is used  to･

represent  the  effective  stress-strain  relationship.  The  theory is applied  
'to

 solving  an  axi-

symmetric  preblem  under  the  boundary  condition's  similar  to those  of  a  triaxial creep  test.

of  a  saturated  clay.  Then  the method  of  obtaining  the consolidation  constants  of saturated

clays  from  the triaxial drained creep  test data is staied.  The  consolidation  constants  ef'
Fujinomori  clay  are  shown.

              PROPOSED  THREE-DIMENSIONAL  CONSOLIDATION  THEORY

Assumptions Made  for the Thoory
  The  soil-water  system  is assumed  to haVe the following properties :

  1) The  soil-water･  system  is isotropic and  homogeneous. The  strain,  velocity  and  stress

increments are  suMciently  small  and  the  theory  is quasi-static.

  2) The  soil  is completely  saturated  with  the incompressible water.

 3) The  fiow of  pore water  through  the soil-water  system  obeys  Darcy's law and  the co-･

eficient  of  permeability  is isotropic.

 4) The  porosity of  soil-water  system  is defined as

                                  lim 
dVL

          ' Av-o  dV

where  VL and  V  are  the pore and  total volumes  under  consideration.

 5) The  relationship  between the pore  water  pressure  and  the stresses  is given  in rectan-
gular Cartesian coordinates  as

                                ris･=Ti,･'+u  6ii･ (1)

where  TiJ･ and  ril  are  the total and  the effective stresses, u  is the pore water  pressure  andi
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6ii is the Kronecker's delta. The  positive direction of

each  stress  on  the xt  
-plane

 is shown  in Fig. 1. It
is determined on  other  planes in a similar  manner.

(Compression is assumed  te be positive.)
  6) The  effective stress-strain  relationship  of  soil

skeleton  is linearly viscoelastic;  namely  in a  homo-

geneous  material  it is represented  as  follows ;
  The  creep  integral law,
                                                   

               l[I:1],Y,i,

il
 (2) ,,

                                                   Fig. 1.
  The  relaxation  integral law,

                                Z',i=,"II.

d

,

`

.

;i,i

  The  differential eperator'  raw,

                             .
Pi,IP.)

,i'IJ:=Q6i
D

,3

S

)l,l
where  eii is a  strain  tensor, the direction of  which  depends on

tensor.

The  positive sign  indicates the compression.

                                   1
                             e.==-2(ui,i+u,,,)

where  ui are  the  components  of  the  displacement  of  soil  skeleton.

Ei,- and  siJ･ are  the  deviator components  of  the strain  and  the stress

                                     1
                             

Eis=eu--
 
-g-6ii

 elth

                             Sij=Ti/-t6iJ  Tkkt

Jl and  
.h

 are  the' creep  functions and  Gi, G2 are  the
isotropic compression,  respectively.

The  asterisk  represents  the  Stieltjes convolutiQn,  that

                            ,*d ¢ -jl.

Especially when  ¢ =p=O  for t<O,

                        cp*dgb= sb(O+)sp(t) +i;  so (t-T)
                            (=di(O+)g(t)+g*ip(D)

       relaxation

        is,

so (t-T) dgb (T)

Directions of

the

stresses

    (3)

corresponding

In Eqs.

tensors
      '(2),

 (3)namely

functions in

de(r)
  

---dT
 dr

shear

21

(4)

stress

and(4),

(5)

and  in
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    '
                        a
Now,

 
notation

 
D

 
represents

 o-t 
and  Pi(D), Q,(D) are  polynomials of  D. It is also  possible

to specify  the relationships  between  R(l]D, Qi(M and  L  or  Gi. (i-ml, 2)
Therefore it is easy  to understand  that effective  stress-strain  relationship  represented  by
linear viscoelastic  modelssuch  as  aMaxwell  or  Voigt model  or  their arbitrary  combinations

can  be expressed  by  Stieltjes convolution.

E27uations of Eauilibrium

  Equations of equilibrium  are  given

                                  Tij,  i=  ,F}  (6)

where  IF} is a component  of  the body force. The  body force ofa  clay  with  porosity n, is
glven  as

                            E=-{(1-n)r,+nr.}n･ei

where  n,  ei are  the  unit  vectors  in the yertically upward  and  in the i-coordinate axis  di-
rections  and  r., r. are  the weights  per unit  volurne  of  the soil grains and  of the water,

meanwhile  the porosity n  is defined by

                                     no=e,
                                 n=
                                     1-e.

where  no  represents  the initial porosity, therefore

                        E="1-lq  {(1-no)rs+(ne-&)r.}n･ei (7)

Equation of Continblity
  When  h. and  H  are  defined as  indicated in Fig. 2, then

                               u=r.(H-n･r)+u,

where  r  and  ue represent  the position vector  and  the  excess  pore water  pressure.
Denoting the weight  per unit  volume  of  the soil-water  system  as  r,

                               r= (1-n)r,+nr. (8>

                                               

    ×5

     Xl

Fig. 2. A

n r

he

H

     X2

piezometric tube  in the seil Fig. 3. Arbitrary  closed  volume  within  soil  mass

NII-Electionic  
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Now  the  equation  of  continuity  is considered  over  the  volume  V  and  on  its surface  S as

indicated in Fig. 3. Letting the  displacement vectors  of  the soil skeleton  and  the pore

water  be u  and  U  and  the corresponding  rate  vectors  be u  and  U, the weight  of soil and

water  flowing out  of  V  is

                           j,{(i-n)rsti+nr.ti}･vds
where  v  represents  a  unit  outward  normal  vector  ef VL
This  must  be equa!  to the  decrease in weight  from volume  V  per unit  time

                                  
-I.idv

Applying  the Green-Gau$s theorem  for converting  the surface  integral into the  volume

integral to vanish  the integrand,

                           7･{a-n)r.h+nr.e}+i=o

Using  Eq. (8) and  Darcy's law;

                                 ･･  k
                               nU-u==  

--7ue
                                        r.

where  fe is the coeficient  of  permeability, then

                      7･(r,(1-n) ti+r. (ti- #. 7u,) l -(r,-r.)h  =:O

Considering the relati'onship

                n==  IO=-£
"

 =no-e,a-no),  th=-a-no)le,, 7k=o,  7no==o,

then

                                   . le
                                 7u--I72u,=O  (9)
                                      a

where

                                 a==(2-no)rw

This  is the equation  of  continuity,  which  is similar  to that obtained  hitherto by  Biot and

others,  with  a  sligtly  different form  of  the coethcient  of  consolidation.

Ilasic E4uation of Cbnsolidotion Cbncerning Displacement Vl?ctor and  Excess Pbre Water
P)'essure

  From  Eq. (1),

                                 rii,  i=Tlii,  j+u,i

Using relationships  of  Eqs. (3) and  (5),

NII-Electionic  
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                                      1
                          

Ti,'=eii*dGi+-Ii-ii,ehk*d(G2-GD

Now  substituting  this equation  and  Eq. <6) into the former,

                        eii, j* dCt+  g ekk, ,*d(G2-Gi)  +u,i -- F}

This equation  is expressed  in terms  of  the displacement vector  of  soil-skeleton

cess  pore  water  pressure,

                    72u*dGi+77･ts*cU<-2Fu.+2r.7(n･r)+2F=O
                                       '

where  Hi$  assumed  constant  and  K=(Gi+2G2)13. Solutionsofboundary value

the three-dimensional consolidation  can  be obtained  by solving  Eqs. (9) and  (10)
ously  under  the given boundary  conditlons.  

'

and  the  ex-

     (10)

problems  of

 simultane-

  BEHAVIOURS  OF  TWO-PHASE  MATERI4L  WITH  AXISYMMETRIC  BOUNDARY  CONDITION

  In the former section,  basic Eqs. (9) and  (10) governing  the three-dimensional consolida-
tion have been obtained.  In this section,  their solutiQns  are  given for the two-phase  cylin-

drical material  which  is subjected  to a  constant  load for a  long duration, as  in the case  of

a  clay  sample  in the triaxial creep  test.

Lmplace "ansformation of Basic Equations for the Axisymmetric Conabtion and  their Solu-
tions

  Using  nondimensional  variables,

                                            '

                    uHi==e'L,  it3= lil'l, u-,== :i, 'r :=: IZit and  2=  EII' 
,

where  xi  and  x3  are  the  cylindrical  coerdinates  indicated in Fig. 4, ui  and  u3  are  the real

xi  
-and

 x3  -components  ofthe  displacement of･soil  skeleton,  and  a  and  h are  the radius  and

the  height of  a  cylindrical  sample,  then  Eq. (10) is written  as

(
( a2

02it1ar2

hZ O

Z

(

t-l Nx

e

           a2  1 eu-,
+7  or +  h2

      h2 Oa32a5Or2

 +  a2  rOr  +

(r

e2u-1

,e,z)

a2z'm

 02ti3

 Oz2

Fig. 4. Cylindrical ceordinate

-ll,li)x dGi-  
Ooeel

 
'x
 di{-2ah 

Oar-re
 =O

 )" dc,-  eoev - dK-2.h  
Ooitze

 =o

(11>

NII-Electionic  Libiaiy  
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where  the term  2r.7(n･r)+2F  is negreeted.  Eliminating the excess

u,  from  Eqs. (9) and  (10),

                   (eo2re'"; +-l}" le"r' + ha,2 
@o-tintv)*dL-

 
aka

 
-lllit"-=o

and

                    02u-, 1 Otz, a2 a2un, a2  ee-,
                   

-b'iri+7-bli'n+
 h2 a22 

:'Lle-t
 Ot

where

                     ev=-(OoU-r!+Tt-'.t+4itl2z3'm)

                     f,t'=  -  -{l/ll-IL * dG, +  -}a  * d(G2 -Gi)

                     T-s3' =  -  ;aelli' * dG, +  -} e, *  d(G2 -G,)

                     f,,･==-(si-  
e,u-:

 +-2- 
O,u-:)*dG,

and

                                   1

                               
L=

 
-3
 (2G,+G,)

The  boundary  conditions  are

     Tti':=P,  fi3'=:O,  u-,=O,  for r:=1,  O$2Sl,  OSt<oo

     u23=O,  r7i3'=O,  
Oet-ze-=O,

 for O$rSl,  a==O,  O$t<oo

      
e6r-ze

 =:O,  T-ie':=:O,  2xj:(T-33'+crhdr,)rdr=nq, for O$r51,  z=1,

                                       '

To  simplify  the treatment  of  Stieltjes convolution  in Eqs. (11),
transformations are  used  hereafter.

  The  Laplace transformation of the Stieltjes convolution  of  two

glven  as

                                            '

                            L(g(t)*dip(e)=g(s)･sip(s)

where  g(s) and  ip(s) are  the  Laplace transfbrmations  of  g(e and  di(t), namely

                            g(s5=Lg(t) =I,co  g(t)e-sfdt

then  Eqs. (11) and  (12) are  given as  follows:

porewater

  O$t<oo

(12) and  (13),

 functions g(t)

     25

preSsure

(12)

(13)

(14)

the  Laplace

 and  e(t) is
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aS,Y,i

 +-li- 
O,}?

 --]l?,-+-Illll -aS,}l-} -rlli,:(pE+QO)

             
--O-:,V'

 
ki
 
m
 +  " 'l}oVik.r +  

TZ';7
 
OS,V,hr

 =  
L:iL

 
La-a,

 
'(PE+Q

 di )

              02E  1OE  a2 a2E
             

VO'fi2-+7-bTt
 +7m, a.2 

=22E

              a2¢  1a ¢  a2  o2¢                                     a2s

              er2 +?-iJJ7+-fiiL  oz2 
=="nvkJME

where  Vl, Ite, E  and  di are  the Laplace transformations of  ui, u3,

                .=g,,+-.-2,G2,Q-2,.Se,z2--ff23tTa-,2f.;,)
On  the other  hand, the boundary conditions  are,

(15)

                                                 &  and  u. respectively,

and  Gi and  G2 are  also  Laplace transformations of  Gi(t) and  G2(t) and  where,

for r=1,  O.<..z$1

                  a,'==2, Tu,'=o, ¢ =o

                      s

for Ony<.r$1,z=O

                            a¢

                 Vk=O, T,,t=O,                                =o

                             02

for O.<=r=<1,2==1 ,

                 2zlg(rla,,+ahe)mb-{gql,  T,,,-o, 
-lg9/=o

and

                   z,'=-sG-t 
aollll

 +  -ll-(G-2-GMi)E

                   I>,, =:  -sG,  
eelb

 +  g (G-, -a,)  E

                   T,,･--,c,(I;-{l6iEZi-, +.i} 
O,5)

A  solution  of  Eq. (15) under  the  boundary conditions  Eq. 16 is
1971) ;

   
'
 vl :=  g,iG-Pl-r+ 

2P3+q
 
A(2)r,-,:E(2D

                  vs=-23g/q,-i{-)-,h-2P.3+q2,L,Sl).

                         24(Ar)
                 E=(2P+q)
                          s2A

                  di.. 2P+q (2Gi+G2)2L{]h(2)-lh(M}
                                 ahsA                      3

glven  asfollows

(16>

(17)

(Ohmaki,

(18)
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and

            Tii' =  Pi;,q- +  2pg:q 
(2G-i+G-2)i-i6-(R"r)-

,IltlAa)
 
+
 
3ASr)

 }

                          2P-t'q {(G-2-G-t)21h(Ar)+2G-,Il(Jl)} (19)

            T,,,==-il(t-3nvsP) + 3 
-'rv

 
sA
 

-'-'

            Tt3t=O

  In these equations,  Vl, Tik, Tn' and  Tb3' are  divisible into two  components,  that  is, the

one  which  is proportional to the deviator stress  (q-P) (in future, this wiil  be called  the

deviator componenO  and  the other  which  is proportional to the mean  stress  (2P+q)13 (this
will be called  the  isotropic component).  Vl, E, O, Tit' and  Th3' are  the  functions ofronly

and  independent of  z, and  va is proportional to z,

Solutions for Constants Gi a･nd  G2

  In a  simple  case,  where  Gi and  G2 are  considered  constant  with  time,  solutions  are  ob-

tained by applying  the inverse theorem  of Laplace transformation to Eq. (18).
  Assuming  Gt and  G2 are  constant  in [O, oe),  these Laplace transformations  are

                           G-i= -G-i-, GM2= 
G2

 (Rs>o)
                                s s

then Eqs. (18) and  (19) are  rewritten  as

              2P+q Il(2)!-311(Ar)     q-P
VI.=

 3sG,r+  3-""'  slT

                 2p-t-q 2A(n)}      2(q-p)
Vh==-

 3sG, 
2ML-3

 sit/Illi'l.2

         R4(lr)E=(2P+q)
          s4

    2P+q 2(2Gi+G2) {4(2)-k(2D}op =

      3 crhsll

(2Gt+G2>24(2r)-GtlA(2)+34(2r}
  r-･)

11,

lk,

, .,  .p-q  +
    3s

,=z(-q3?P)
 +

2P+q
  3-"

2P+q{(G,-

        sll

Gt)lk(2r)+2GiA(2)}
3 sll

(20)

where

The  inverse transforrnations
follows (Ohmaki, 1971) ;

ll=(2Gi+G2)2k(2)-4Gz4<2)

            3a2cr

         
-

 k(2G,+G,)

of  the displacements and

R2 s

thestressesin  Eq.(20)areglven  as
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f"':=P+

 3 n4-i
 en lb(pn)

                 -2G,-flg'  ")-  +(G, -  G,)16(v.r)

   r-33'=q+TZI?ll/'qr.Z.i  
8eG.i

 
-r!!

 J,(..) exp(-"n2T)

where

                  e.=(2Gi+G2)2v.2-8GiG2

                    T=  
k(2gh;.G2)

 l,
 Now  the  characteristics  of the solutions  obtained  will  be discussed.

 Using the relationship,

                 (2G,+G,)tVb(v)-4G,A(,)=O

/and  Dini's expFession  by Bessel functions, then

                
2P.",

 
q
 r=:(2p+a)  £., }6.G,ii:IAi 

(?;3

Differentiating both term$ with  respect  to r

                
ZPGIe=(2p+q).tL,&Ge7i.'tt{;/ii".g')-

From  this relatien  &==O  in the  third  expressien  of  Eq. (21) when  t=O,  namely

volume  change  all over  the sample  immediately after  loading.

        
-2Pgiq

 
.coz.,- £f8'; 

-A(""1'i
 ?) 
("nD

         
-H
 
-2P'3'q

 r.Z.,-Si!/3i; 
'i'6(if:f'

 L., 
-(2p'q'

 
.tL,

 S.Ge'. 
'iA6((

 
".f'

            2P+q
         

=:

 
-

 
-3TIE-r

then  from the first equation  in Eq. (21),

Geotechnical  Society
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'
 fit= 

Lq3--GPI-
 r '  

232G+,q
 r  -  

-223:±tg-
 
.tL,

 
-;lf15/i-;-

 
-!llS"")iti,3.J)

 
t(""ri-

 exp(-  ,.2T)

  u-,-= -  
-a(g/zlfPtz)-z

 
-
 
-23P-G±

,q-
 2 +-2P3+q- 

.Z.,-J?tieG-;-
 
-//e/:l-

 exp  (-v.2T)2

  ev=-2'ttt}!1--(2p+q).tL,8eG.`LJJ66ii/:".?7exp(-"n2T)

  n,=: -L23tb:ttiq-.tL, 
8Gi<2[it+G2)

 
JO("">l7t.)(""')

 exp(-v.2T)

       2p+q oo sG, 
GtL!l)'i':") +3Gi-i:;r)  -(2Gi+G2)Jh(v.ri

                                      exp(-v.2T)

(21)

Characteristios of Sel"tions Obtained and  Mathod  of  Determining  the Consolidation Constants

                                               <22)

there

(23)

is no
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                        u-i--q,--.-e-r,  when  T-o  i
Similarly, l (24)

                               2(q-P)

                        u-3=-`3q  r, when  T=Ol

Therefore, the instantaneous deformation of  the sample  or  tzi and  tz3 at  T=O  are  given by

the deviator stress  q-P  only.  That means,  these deformations results  from the shear  stress

alone.  Since there is no  volumetric  change  at  T=O,  these deformations  should  coincide

with  those  obtained  from the linear theory of elasticity under  the same  boundary conditions,
                                       3 1 ..

in which  the apparent  
Young's

 
medulus

 
E.=-2-Gi

 and  the Poisson's ratio
 pt.=- 

-li-
 
as

 
indi-

cated  by Mikasa  (1951). In the process of  consolidation,  the isotropic components  of  stresses,

the deforrnations and  the excess  pore water  pressure varies  with  tiMe.

  Eventually when  T  goes to infinity,

                     ･ - q-P  2P+q

                             
L3-GJr-

 

-3G,
 

r                         ut=

                                2(q-P)                                           2P+q
                         a3=  

-
                                 3G,  

Z-
 

-3-G'TZ

                              2P+q

                         
ev=

 G2-, 
tze==O

                         fllt=P,  T33t=q,  T-13t=O

In these  equations,  both tzi and  ti3 are  composed  of  the'

ponents  and  proportional to r and  z respectively.  If q>p,
stantaneous  expansion  in the radial  direction and  a

the course  of  consolidation,  the sample  contracts  in both

to the constants  P and  q respectively.

(25)

   isotropic  and  deviator stress  com-

     the soil  sample  undergoes  an  in-
contraction  in the axial  direction. In

   directions. T-lt' and  T-33' converge

   METHOD  OF  DETERMINING  THE  CONSOLIDATION  CONSTANTS  AND  TEST  RESULTS

 The  conselidation  constants  are  determined easily  from the  characteristics  of  the  soiutiens

derived above.  Usually in the  triaxial drained creep  test it is possible to measure  the volume

of expelled  water  from the specimen  and  the settlement  of  the  upper  side  of  the specimen.

Therefore substituting  the  settlement  of  the upper  side  of  the sample  immediately after
loading into the second  equation  of  Eq. (24), Gt is obtained,

                                   2gq-p) h

                              
Gi=

 
-'
 
'S"'

 
'
 usi

where  u3i is the settlement  of  the upper  side  of  the  specimen.  And  integrating the third
equation  in Eq. (21) over  the sample,

                    
dvV

 =(2p  + q)[i, '.tL, 
-1,L9eG'Ll;

 
LIf-i((;il

 e-"n2']  (26)

where  AVand  Vare  the  volu'me  of  the  expelled  water  and  the  initial volume  of  sample.

If T  is suthciently  large,
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gv"V",2PG+,e=(-li-vVr),

then

                                      2P+q

                                 
G2Y

F"vV-)r
'

therefore this equation  gives G2 in terms of the volume  ef  expelled  water.  Calculating the
zero  points v.  of  IT from  Eq. (22) to put them  into Eq. (26), the coeMcient  of permeability

k can  be obtained  from  
-4tZNIog

 t plot in the same  manner  as  the Casagrande's method

for the one-dimensional  consolidation.

  In the following, the method  of  determining the consolidation  constants  is applied  to  the
triaxial drained creep  tests on  a  clay.  The  clay  used  in the  tests came  from  Fujinomori in
Kyoto Prefecture. Its properties are  given in Table 1. The  cylindrical  samples  were  3.5
cm  in radius,  7.9cm high. Samples were  consolidated  isotropically at  consolidation  pres-
sures  of  O.5kg!cm2 and  1.0kglcm2  for two  days in each  step,  and  thereafter  loaded at  the
stresses  as  indicated in Table 2 and  Fig. 5, in which  axial  and  radial  stresses  were  such

                            Table 1. Preperties of  clay

rsL.L,P.L 2.68 gJicrn3

43,6%17.

 5%

>50  "50-5

 "5">

21.0%40,O%39.0%

Table 2. Conditions and  results  of  tests

Test  No.ai  (kglcm')a3 (kg!cm2)am  (kg/cm2)Gi  (kglcm:)G2  (kgfcm2)le (cml'sec)

No, 1No.

 2No.

 3No.

 4No.

 5No.

 6No.

 7No,

 8Ne.

 9No,

 10

2. 0002,

 2502.

 5002.

 7503.

 0003.

 3753.

 75e4.

 0004.
 5004.

 750

2. ooe1,
 8751.

 7501.

 6253.

 0002.

 81252.

 6254.

 0003.

 7503.

 625

2. 0002.

 0002,

 OOO2.

 0003.

 0003.

 0003.

 0004.

 0004.

 0004.

 000

89. 764,

 9Failure

49. 1Failure

50. 5Failure

123. 7144.

 6120.

 7

126. 1120.

 3

132. 6118.

 5

1, 16 × lo-S

3. 382,

 54

2. 902,

 73

2. 791.

 52

that  the  mean  stress  a.--(ai+2ff3)13  was  kept constant  in every  set  of  tests. Values of  Gi,
G2 and  k obtained  by this method  are  also  shown  in Table 2. In Fig.6 the experimental

               tiv
volumetric  strain  

-v-versus
 the  logarithm of  time  relationships  are  compared  with  the

theoretical  curves.  Using the consolidation  constants  given in Table 2 the theoretical curves
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were  calculated.  In this figure, a  con-

siderable  discrepancy detween  the ex-

perimental plots and  the  theoretical

curves  is observed  for the  time  interval
from  100 minutes  to 3000 minutes  after

loading. This  indicates that the relaxa-

tion  function for the  isotropic compres-
sion  of  this clay  should  include a Voigt
model  in series  in addition  to a spring.

In Fig. 7, comparison  of  plots of the
experimental  vertical  strains  dis versus

the logarithrn of  tirne is made  with  the
theoretical curves.  In the calculation

of  tz3, the  mean  value  of  Gz obtained

from  the tests under  the deviator stress
condition  is assumed  for the isotropic
stress  condition,  because Gi is deter-
minable  only  under  the deviator stress
condition.  From  this figure it is ob-

served  that the experimental  vertical

strain  under  the deviator stress  condi-

tion is larger than  the theoretical
strain, and  this indicates also  that the
relaxation  functiQn in shear  cannot  be
expressed  only  by a  constant  determined
from the  initial settlement  of  the top
representing  the time  dependent beh  

'

  From  Table 2 it will be seen  in
increase slightly  with  the increase iri
of  G2 obtained  for the anisotropic

5.0

4,O

ptAE

 so

;o
6V2･o

t,

o

eig

  %.

        
N%

         
-9a

£
-

k;,tigi,:k"2gog
No2q
      No. I

. failure

o

Fig.

 IO 2,O 3,O 4,O

      a,(kglcm2)

5. Stress conditions  in tests

     of  the specimen.  Therefore

  aviour  of  the specimen  in shear

   the case  of  isotropic roading

   the mean  principal  stress  a..

Ioading are  smaller  than  those for

5IO

 a  viscoelastic  rnodel
.Is

 necessary.

that  the values  of  G2
Moreover the,values
the isotropic loading,
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 7. Vertical strain  -･logtcurves  (ame=:3.0 kg/cmZ)

except  for the test No. 2, when  comparisons  are  made  for the  same  stress  level of  a..

This  fact indicates the effect  of  diTatancy of  clay.  On  the other  hand, although  there  is
considerable  scatter  in the values  of  Gt indicated in Table 2, it may  be attributed  to the
dificulty of  measuring  the displacement of  the upper  side  of  the specimen  immediately
after  loading, and  it is concluded  that the value  of  Gi of  this clay  consolidated  at  the iso-
tropic pressure of  1.0 kgfcmZ is within  the range  from 50 kg!cm2 to 100 kglcm2. Finally

it is of  interest to note  that the failure line for these creep  tests, which  is shown  by a

dashed line in Fig. 5, is parallel to the isotropic stress  line.

                                CONCLUSIONS

  A  three-dimensional consolidation  theory for saturated  clays  has been ebtained  by using

the Stieltjes convolution  to represent  the  effective  stress-strain relationship.  And  a  boundary

value  problem  has been solved  under  the boundary conditions  of  the triaxial drained creep
test to determine  the consolidation  constants  of  saturated  clays.  Then,  triaxial drained
creep  tests of  Fujinomori clay  have beeri carried  out  under  the condition  that  the  mean

principal stress  was  constant  in every  set  of  tests.

  From  the  analysis  of  the theory and  the experimental  results,  it is concluded  that:

  1) Basic equations  governing  the  consolidation  are  expressed  in such  a  way  that  their

forms re$emble  the case  in which  the soil  skeleton  has  the elastic  property,  therefore the

Laplace transformations  can  be applied  likewise in solving  these  equations  for stresses  and

strains  in the sample.

  2) Both of  the calculated  relaxation  functions Gi(e and  G2(t) for the  shear  and  for the
isotropic compression  are  independent of  time  and  account  for the following: a) radial  and

axial  displacements are  composed  of two  components,  one  proportional  to the deviator stress
which  is produced  immediately after  loading and  independent of  time  and  the other  propor-
tional to the  rnean  stress  which  is dependent  of  time  and  zero  at the instance of  loading;

b) volume  change  is composed  only  of  the term  proportional  to the mean  stress;  and  c)

finally the  displacernents converge  to values  consisting  of  two  terms  proportional  to the
deviator and  the mean  stresses, the volume  change  converges  to only  one  term  proportion-

al  to the mean  stress.  1

 3) Comparison of  the experimental  data and  the theoretical calculation  indicates that
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time  dependent models  are  necessary  in both  the  isotropic compression  and  the shear  to re-

present the  behaviour oi  soil  skeleton.
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                                  NOTATION

         a  =radius  of  cylindrical  soil  specimen

      e,, e.=volumetric  strain  <e.= e,)
        eij=::iJ' component  of  strain  tensor of  soil skeleton

         E==Laplace transformation of  e-v

        E  =i  component  of  body  force vector

     Gi, G2 =relaxation  function or  elastic  constants  in shear  and  in isetropic compression

     Gi, G2=Laplace transformations  of  Gi and  G
         h=height  of  cylindrical  soil  specimen

  16(R), ll(2) :deformed  Bessel functions of  order  zero  and  one

      A, k=creep functions in shear  and  in isotropic cornpression

  Jh(v), 11(v)=Bessel functions of  order  zero  and  one

         k=coeficient  of  permeability

   n,  n,  no=porosity,  its time  rate  and  initial porosity
       P, q=radial  and  axial  compressive  pressure

         r =nondimensional  cylindrical  coordinate

         r=  posltlen  vector

        si,･=:rij component  of  deviatoric stress  tensor

         s.==value  of  s corresponding  to v.

          t== tlme

         T==time factor (-k-(-2- gh;.G2)n t )
       Tij'=Laplace transformation  of  r"i/

         u=pore  water  pressure
      u,, tz.=excess  pore water  pressure and  ifs nondimensional  form

      ui, tii=i component  of  displacement  vector  of  soil  skeleton  and  its nondimensionaT.
            form

        u3i--settlement  of  upper  side  of  soil  specimen  immediately  after  loading

      u,  u==displacement  vector  of  soil  skeleton  and  its time rate

      U, U=displacement yector  of  pore water  and  its time  rate

        V}=Laplace transformation of  dei

         2=nondimensional  cylindrical  coordinate

         a==(2-ne)  r.

       r, r=:weight  of soil-water  system  per unit  volume  and  its time  rate

     r., r.==weights  of soil grains and  of  water  per unit  volume

        eif=  ij component  of  deviator strain  tensor  of  soil skeleton

        e.==(2Gt-i-G2)2 vn2-8GtG2

         A==(2G,+G,)2Jh(2)-4G,A(2)
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1)

 2)

3)

 4)

 5)

 6)

 7)

 8)

 9)

10)

11)

12)

13)

14)-i5)'16)

17)

18)

                                   OHMAKI

     a==(2Gt+G2)LtJ6(v)-4Gtll(v)

     rij=ij  component  of  total stress  tensor

 Tiit,  T"ii'=  ij component  of  effective  stress  tensor (Til=T-ij')
      ¢  ==Laplace  transformation  of  uMe

      *=notation  representing  Stieltjes convolution
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