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EVALUATION OF FUNCTION OF PASSIVE LOAD
FOR TUNNEL LINING

Taxkasur CHou*

ABSTRACT

A method to analyze the concrete lining of tunnel taking passive loads into consideration
is proposed. The basic assumptions used are given as follows: (1) The structural sys-
tem of the tunnel lining is an arch under the plain strain condition supported elastically at
the ends and (2) passive loads acting on the lining are induced in proportion to displace-
ment of the lining toward the surrounding rock over void between the lining and the rock.
Using a model, which is almost the same as the tunnel lining of the Shinkansen of Japa-
nese National Railways, many numerical results are obtained for various loading patterns,
heights of the rock mass, thickness of the lining and the voids. From the results, charac-
teristics of passive loads associated with magnitude and shape of active loads, the thickness
and the void are discussed. Stress reducing effects of the passive loads are significant.

~ But the effects are reduced by the void. Finally, rough standards of the allowable height
of the rock mass are presented.
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INTRODUCTION

The method to design the tunnel lining has been less well established. Main difficulties
for this problem are given as follows: (1) Active and passive loads can not be estimated
appropriately and (2) the structural system to analyze the lining is not clear.

The present author deals with a numerical analyzing method for the tunnel lining taking
passive loads into consideration and discussions of characteristics of passive loads associated
with magnitude and shape of active loads, thickness of the lining and void between the
lining outside surface and the surrounding rock.

This problem has been investigated by researchers (Saito et al., 1973) using the finite
element method. In this paper based on numerical results using the proposed method,
more definite consequences are presented.

FORMULATION
The basic assumptions used can be summarized as follows: (1) The structural system
of the tunnel lining is an arch under the plain strain condition supported elastically at the
ends. (2) Passive loads acting on the lining are induced in proportion to displacement of
the lining toward the surrounding rock over the void between the lining and the rock.
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(3) Skeleton of the lining is symmetrical with respect to vertical center line and the thick-
ness is constant along the axial line, as usually the case.

The tunnel lining as an elastically supported arch can be analyzed by the method similar
to the steel tunnel support proposed by the author (Chou, 1969). The present problem
must be treated as the plain strain problem, while the arch support was treated as the

plain stress problem.
Referring to Fig. 1, we obtain the

bending moment (M), the axial force
(N) and the shearing force (S) at
any section of the lining as follows.
M=M,+ Ms— Ngy—Ssx (1)
N=N;y+ Ngcos0+Sgsind (2)
S=S8,— Ngsin0+ Sicosd (3)
in which M,, N, and S, are the bend-
ing moment, the axial force and the
shearing force for the free body in
Fig. 1 subjected to external loads and
! Mg, Nz and S; are the redundants at
BL?EL—\_\IS% the elastic center.

The unknown quantities of this
problem are not only the redundants
but also displacements of the ends, i.
€., Oy, Omar Opas Ove Ogp and 0,p as
shown in Fig. 1. Therefore, the num-
ber of thé unknowns is nine, and nine simultaneous equations are necessary to solve the
problem.

Applying the Castigliano’s theorem, the compatibility conditions at the elastic center of
the lining yield the following equations.

ow

Fig. 1. Loads, redundants and displacements
of ends

ont, T 0oatdos=0 (4)
ow
m"‘aI{A_I’aHB_yAaoA—'yBaaB:O (5>
ow
m+6VA+6VB—xA60A_x365320 (6)
95,

in which W indicates total strain energy of the arch and subscripts, i.e., 4 and B, denote
the ends. The following relations between the end reactions and displacements can be

expressed.
My=FkyJd44 (7)
My=koJdon (8)
RHA:kHAHSHA ( 9)
RHB:]?HAHBHB (10)
Rys=kyAvOva (11)
Ryp=kyAylyp (12)

in which M,, Mg, Ry, Ryz, Ry, and Ryp are the bending moments, the horizontal and
vertical reactions at the ends, %, kg and %, are the subgrade reaction coefficients to rota-
tion, horizontal and vertical displacements, J is moment of inertia of the end base, and
Ay and Ay are horizontally and vertically projected areas of the end base, respectively.
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The total strain energy of the arch as the plane strain problem ignoring the shearing effect

is given as:
(1 uz) M2 N2
W= f( a >ds

in which E=Young’s modulus, v=DPoisson’s ratio, I=moment of inertia of the lining, A
=area of the lining and s=length of the lining along the axial line. Substituting Egs.
(1)~(3) and (13) into Egs. (4)~(12), we obtain:

(13)

—ny2
Lor ([ )Mot 8ot 8= =S5 [ Mo (14)
1—yp2 2 20
(__EV_)_{I<_3§__+ co;l >d5} No—Y4044—Y50sp+0na+0ns
1=y <yM0 _ cosﬁN0> ‘
=4 f > 080 ) g5 (15)
2 2 )
ﬁEV—); {f(_xj__}_ 511;140 >d5} Se—%40p2—%50yp+0ya+0vs
_ (1—=v?) <xMo _ Sin0N0>
== f : o0 ) 45 (16)
Me—yaNg—2,S¢—ksJ0pp=— 04 a7)
Mg—ypNg—x5Sc—ksJ0sp=—Myp (18)
NG—kHAHaHA: —ROHA (19)
NG—kHAHaHB: —RoHB (20)
SG"'kVAV8VA: “RoVA <21)
SG“kVAV3VB= —ROVB (22}

in which R, is end reaction of the free body subjected to external loads. Substituting Egs.
(17)~(22) into Eqs. (14)~(16), the unknown quantities of the displacements of the ends
are eliminated, and we can obtain three simultaneous equations as follows:

2

2) 2y,
£ Lty v 0 Me
(1—v?) {f(_yz_ c0520> }
29,4 E rt—=a )%
_2IA 0 Ng
kaJ + 2 _+_ 2yA2
kaAy | ked
(1—p?) {f(_a-ci sin20>
5 7 + 1 ds
0 0 2 2,2 Se
A
T Ay T

—L5 [ Mods— L (Mot Mo

1—yp2 O N,
= —g————)—{f<%Mo——£9§A 0>d5}—m(ROHA+ROHB) +—klf(?/AMoA+yBMoB)

E
1—p? x inf N, 1
S (500000 ) L Rupact Ruvs) 7 (Mt 20 Mo
(23)
By solving Eq. (23) we can obtain the redundants, i.e., Mgz Nz and S;. M, N and S

at any section of the elastically supported arch can be determined by Eqgs. (1)~ (3) using
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Mg, Ng; and S; obtained.

Fig. 2 shows axial lines of the lin-
ing before being subjected to loads
and after that. It is assumed that a
passive load P; at a point 7 is induced
to the direction normal to the axis of
the lining in proportion to a quantity,
i.e., 0;,—0,, toward the surrounding
rock over the void, d,, between the
lining and the rock. Thus P; is ex-
pressed as:

Ky (6,—041) 01>041

Pz:{ 0 0,<0¢ @9
in which K, is a proportional constant.
Using the subgrade reaction coefficient %4, can be expressed as:

Ki_—_kZAgt (25)
in which A,, is area of surrounding rock of the point i. The displacement of the point 7
toward the rock can be written in the following form.

612;(Ax15-1jz+ Aysbigt+Pidy) (26)

in which A,; and Ay; are the active loads at a point j to x and y directions, and §;;z,
ouw and §,;; are influencing coefficients of displacement at the point 7 to normal direction,
by being subjected to unit loads at a point j to %, ¥ and normal directions. Using Eq.
(24), Eq. (26) yields
n
— et S PSy= =3 (Aabut i) 400 (=12 o) (27)

in which » is a number of elements divided. In Eq. (27), P, and P; are unknown quanti-
ties. Then the passive loads can be obtained by solving Eq. (27) simultaneously. But,
since the passive loads are non-negative values defined by Eq. (24), they must be solved
successively in an iterative process.

The influencing coefficients must be calculated taking account of the displacements of the
ends.  Applying the principle of virtual work they are obtained as follows.

Fig. 2. Displacement of lining

gij:a MjMi d + f NjNZ dS+MA160Aj+MBzaij
+HA16HA1+HB¢3HBj+VA15VA;+I7313VBJ

ng_—_a/ ijMi ds+ « f N]th dS-*—MAza&ij"}'MBiaﬂAix (28)

+HA16HAJZ+HBiaﬂBjx'!'VAiaVij'l'17318VBjx
Siw= f ijt ds+ « f Nijt dS+MA160AjZ/+MB¢603ﬁJ

+HA7;5HA31/+ HBiaHBjy'{'VAiaVAJZI"’ VeiOvauw
in which a@=(1—»?), ¢ denotes that a unit load acts on the point i toward the surrounding
rock and j, jx and jy denote that unit loads act on the point j toward inside direction
normal to the axial line, x and y direction, respectively.

MODEL FOR CALCULATION

Fig. 3 shows a skeleton used for the calculations, which is almost the same as the con-
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Fig. 3. Model for calculation

Fig. 4. Load patterns

crete arch of the tunnel lining of the Shinkansen of Japanese National Railways. The
following three patterns of the active loads are used: (1) uniform vertical load which is
produced by the mass of the rock having the constant height, H,, along the horizontal
line, (2) half side uniform vertical load which consists of half side portion of the uniform
vertical load to the center line, and (3) oblique load which is the half side uniform load
being inclined at 45° to the vertical line (See Fig. 4). These patterns will be hereinafter
referred to as L-1, L-2 and L-3. The rock mass are taken from 1 meter to a few meters
in height, H,, at intervals of 1 meter. The unit weight of the rock used is 2.7 t/m?.
The subgrade reaction coefficients of the ends, i.e., k¢, %y and kg, are selected as 500 kg/
cm?® and the subgrade reaction coefficient of the surrounding rock, %;, is selected as 50 kg/
cm?®  These values were determined by taking account of the fact that some results of
examinating calculations using larger values than them agree approximately with the re-
sults using them and orders of magnitudes of the coefficients can be considered to be so in
fact. The Young’s modulus of the lining concrete, E, used is 300000 kg/cm?. The thick-
nesses of the lining used, #, are 30, 50 and 70 cm. Magnitudes of the void, &, are in-
creased up to a few milli-meters where the passive loads are not induced, at intervals of
1 milli-meter. The lining is divided into 19 pieces and the calculations of integration are
conducted by the numerical integration. The accuracy of the calculation was ascertained
by comparing with some results for 39 pieces.

NUMERICAL EXAMPLES AND DISCUSSIONS

Typical numerical results, which demonstrate the characteristics of the passive loads, are
shown in Figs. 5~8. Fig. 5 shows the upper fiber stresses for a thickness of 50 cm relevant
to the three loading patterns about two cases of the void where §,=0 and d,=co. This
shows a good comparison of stress reducing effects of the passive loads for the different
loading patterns. The effects for L-3 are much more than for L-1 and L-2 and magnitudes
of stresses for the cases of d,=0 in three loading patterns are approximately the same. This
means that an inclined load induces much more passive loads in order to confine the dis-
placement of the lining. Figs. 6 and 7 show fiber stresses, passive loads and displacements
to normal direction by being subjected to L-3 for different thickness of the lining, where
H,=2m and §,=1mm. The fiber stresses for a thin lining are not so much as predicted
by a decrease of the section modulus as compared to those for a thick lining. This is
caused by the passive loads induced much more for the thin lining (Fig. 7). Fig. 8 shows
fiber stresses of the lining subjected to L-3 for various heights of the rock mass, where
t=50cm and §,=1mm. The fiber stresses do not increase proportionally to H, This is
also caused by the passive loads induced much more for higher H,. Therefore, it can be

NI | -El ectronic Library Service



The Japanese Geotechnical Society

18

CHOU
Lo
1 30+
5
S 20
-
[1°3
o 10+
o - L
: -1 - .
N S s
3 \| v N -
3 ~ —
o 10 \ —— i
o
35 - AN /
] 20 ~
Fig. 5. Upper fiber stresses (H,=1m, {=50cm)
4,0t
- 8 S -
G s
1304 &/
e \
a 1 < < l§ \
o \If "\(> -~/ PpRY //\\
3 20— 2 TSV /
3 /& So— / \\
g W\ "7 ;»,Q/ \ S~
w100 I ;"/ ~_X \\\\
g 7 / / \\\.,// N
0 / N
~ AN Y \B
o \\\ s
210+ N /i
S _ AR\Y 1,7
AN\ 177 .
i 20 NN — upper fiber stress
N —--- lower fiber stress

Fig. 7. Passive loads and displacements

ey
- 3
- 2
_]g
=]
o
B0 3
; =
o
- 2
-3

(L-3, Hy=2m, 3,=1mm)

NI | -El ectronic Library Service



The Japanese Geotechnical Society

FUNCTION OF PASSIVE LOAD 19

Hp=3™

uolssaidwod

— uoisua}

Fig. 8. Fiber stresses (L-3, t=50cm, d,=1mm)

said that in the cases where the active loads are inclined and high and thickness of the
lining is thin, the passive loads contribute more effectively to the decreasing of the stresses.
The contribution of the passive loads is reduced by the voids between the lining and the
surrounding rock. Table 1 and Fig. 9 show allowable heights of the rock mass, H,¢,
against the various voids for the various loading patterns and thickness of the lining.
The allowable height is determined by the assumption that the lining is cracked when the
maximum tensile stress reaches 20 kg/cm? In Fig. 9 horizontal lines in H,% curves for the
various thickness indicate that the passive load is not induced. The allowable heights are
the least in the case of L-3, except a case of L-2 where #=30 and J,=0. This means
that the inclined load gives unfavourable effects compared to the vertical loads. When the
voids do not exist, the heights are very high against the cases not being confined by the
surrounding rock, differences in H,* between various loading patterns are reduced compared
to the cases where the voids exist, and the heights do not increase proportionally to the
thickness, especially in the case of L-3. The last is caused by the fact that the thin lining
produces much more passive loads. The ratios of H,* (§,=0) to H,% (§,=c0) amount to
2~15. Therefore, the strength of tunnel lining arch amounts to 2~15times of that of
the arch on the ground. But, when the voids of 1~2 mm exist, the strength gains vanish
and in the case of L-3 the heights drop down to 0.3~1.6m. This leads to emphasize

Table 1. Allowable heights of rock mass, H,2

(Cfn ) ( rfgn) L1 L-2 L-3

5. 26 3.28 4.55

20 1 1.12 1.21 1.21

2 0. 94% 0.86 0.53
3 0. 94* 0. 73*% 0. 29%

0 7.41 5. 41 5. 41

50 1 2. 56% 2. 02* 1.56
2 2. 56%* 2. 02% 0. 82%

70 0 9.09 7.69 6. 25
1 4. 65% 3. 85*% 1. 60*

* denote that passive loads are not induced.
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Fig. 9. Allowable heights of rock mass, H,2

that the back-filling must be set enough. Since shapes of the active load used involve
critical shape such as L-3, the least values of H,* may be taken as rough standards on
strength of the lining, which is evaluated by the height of the rock mass. When the
back-filling is set enough, the standards are 3m for z=30cm, 5m for £=50cm and 6m
for £=70 cm.

CONCLUSIONS

A method to analyze the tunnel concrete lining is proposed and many examples are
calculated. The following conclusions can be drawn:

1. The stress reducing effects of the passive load acting on the lining are significant,
especially in the case of the inclined active load.

2. The contribution of the passive load on the decreasing of the stresses is reduced by
the voids between the lining and the surrounding rock. When the voids of 1~2mm exist,
the contribution vanishes.

3. When the back-filling is set enough, rough standards of the allowable heights of
rock mass may be taken on values of 3m for t=30cm, 5m for £=50cm and 6m for =
70 cm.
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NOTATION

A, =area of surrounding rock of a point ¢
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A,, A,=active loads to ¥ and y direction
Ay, Ayz=horizontally and vertically projected areas of the end base
E=Young’s modulus of the lining concrete
H,=height of rock mass
,2=allowable height of rock mass
J=moment of inertia of the end base
k,=subgrade reaction coefficient of surrounding rock

K1,=k1.Agz
ko, by, by=subgrade reaction coefficients of end base to rotation, horizontal and vertical
displacements

M, N, S=moment, axial force and shearing force at any section of the lining
M,, N,, Sy=M, N and S {for the free body in Fig. 1
Mg, Ng, Sg=redundants at the elastic center
P,=passive load at a point
Ry, Ry=horizontal and vertical reaction at the end
R,=reaction for the free body
s=length measured along the axial line
t=thickness of lining
W=total strain energy
%, y=co-ordinates in two dimensions
a=1—y?
§ =influencing coefficients of displacement
0;=displacement of a point { toward rock
04, 0v, 0g=end displacements defined in Fig. 1
0,=void between the lining and rock
y=DPoisson’s ratio of the lining concrete
0=angle between the axial line and horizontal line
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