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SIMPLE  OPTIMIZATION  TECHNIQUES  FOR

  EVALUATING  DEFORMATION  MODULI

       FROM  FIELD  OBSERVATIONS

KATsuHiKo ARAi*, HiDEKiOHTA**and  TATsuo YAsui***

                               ABSTRACT

 A  numerical  procedure  consisting  of  a  combination  of  the  finite element  methocl  and  the

mathematical  programming,  is proposed  for estimating  material  constants  of  soil  deposit based
on  field measurements,  The  procedure allows  to  correct  the  unknown  material  constants  in.
a  way  that  the  differences between  observed  and  the  estimated  values  de¢ rease  suthciently.

Some  examples  of  estimating  elastic  constants  are  also  presented,

Key  wordg  : computer  application,  elasticity,  excavatien,  field test,  finite element  method,

measurement,  natural  ground  (IGC : E21HO)

INTRODUCTION

  The  most  difflcult aspect  in analysing  the

elastic  deformatlon  of  a  soil  deposit is the

estimation  of  the  materia!  constants  such  as

Young's  modulus  and  Poisson's ratio.  The
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laboratory investigation and  the  in-situ tcst-

ing before construction  have their  limita-
tlons. To  compensate  for such  deficiency

observational  methods  have been adopted

widely,  in which  material  constants  are

estimated  irom data obtained  during field
rneasurements  in the  construction  phase.

When  the  finlte element  method  (FEM) is

employed  in such  a prccedure, soil  parame-
ters must  be calculated  from observed  nodal

displacemcnts and  irom  element  stresses.

The  cenventional  procedure is as  follows:-

  (1) a$sume  trial values  of  soil  payame-
       ters;

  (2) calculate  the  displacements and

       stresses  by FEM;

  (3) compare  in-situ measurernents  with

       corresponding  values  obtained  by

       I;E"･I;

  (4) repeat  (1) to  (3) until  the  differences

       between experimcntal  and  numerical

       results  decrease suthciently.
It may  be difficult to  apply  this  procedure

when  the  number  of  unknown  parameters
increase, as  in the  case  where  the  soil

deposit consists  of  many  layers. A  numerical

technique  is outlined  1iere for estimating

Young's  medulus  and  Poisson's ratio  from
in-situ measuremcnts  of  displacements, using

a  mathematical  programming  technique.  A
few  reports  of  this  type  of  research  have
been published to  date in geotechnical  cngi-

neering  (sec Domski  and  Wilk, 1979;  and

Gioda, 1979).

PROBLEM  FORMULATION  AND  NUMERICAL
ANALYSIS

  Problem  Formulations: Consider a  geotech-

nical  problem  in which  Young's modulus  E
and  Poisson's ratio  y are  unknown  soil

parameters  to be estirnatecl,  based on  limited

numbers  (Nd and  N,) of  measured  displace-
ments  and  stresses.  Denote  u*  and  a*  with

the  generic  field measurements  of  displace-

ments  and  stresses  respectively.  Assuming
hypothetical set  oi  elastic  constants,  E  and

y, one  can  obtain  nodal  displacements u  and

element  stresses  o  by means  of  FEM:

ETAL.

             u=K-iF  (1)
             a=:  DBu  (2)

where  K=  global  stiffness  matrix,

      F=nodal  load force,

      D=matrix  to specify  stress-strain

         relation,  and

      B=:',matrix to  caleulate  strains  from

         nodal  displacements.

  A  set  of  soil  parameters  E  and  y may

reasonably  be determined  so  that  it minimizes

the  sum  of  squares  of  differences between
calculated  and  measured  quantities  if one

aceepts  the  assumptions  that  these  measured

quantities can  be equally  weighted  regard-

less of  their  quality  or  reliabiSity  of  measure-

ment  and  the  locations of  rneasured  point's.

Thus, the  pToblem  is replaced  by an  opti-

mlzation  problem  with  obiective  function:
              Ndi Ns

   minimize  ,J=:Z]  (ut"-z`t)?+)E] (at'nvaz)!
              t=r  t=1

                                (3)
andconstraints:

 E>e  (4)
             O<y<O.5  (5)

  Solving an  optimization  ptoblem  consisting

of  Eqs,(3), C4) and  (5), a set  of  elastic

constants  would  be obtained  as  the  overall

representative  rnateriai  parameters of  the

sub-soii  being  loaded,

Numerial  Analysis: It is nat  easy  to solve

the  formulated optimization  problem  analyt-

ically, because of  its high nenlinearity  in
the  objective  function. There  is a  numerical

procedure  called  a conjugate  gradient tech-

nique  proposed  by Flecher and  Reeyes  (1964)
which  can  effectively  be used  in  mathematical

programming  of  this optimization  problem,
The  procedure  is as  follows:-

  (1) set  the  initial values  of  diecision

       variables  x=:(E,y);

  (2) calculate  the  gradients  g.=(a.J70E,
       OJIOy) where  m  implies iteration

       number;

  (3) d.=g.+(g'.g.)i(g.LiTg.-i)d.-i;

  (4)  xm+i==xm+cumdm;  where  cr.  has to

       be determined  so  that  x..i  minl-

       mizes  the  objective  functien locally,

       When  E  or  v violates  the  constra{nts,
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     take  the  boundary  values;

  (5) repeat  (1) to  (4) until  a  chosen

       approxirnation  becomes  satisiaetory.

 The  gradient of  the  objective  function J
en  E  is calculated  as

          Nel

  Othfcr"E =:  2X  {(u,*-u,) (- 1) {(OK-ilOE) F} ,}
         i=-1

        Ns

     +2Z]  {(aj*-ao) (- 1) {(OD!aE) Bu} j
       j;t

      +(DB{(OK-t/aE)F})j}  (6)

  aK-ilaE--(-1){K-i(OKIOE)K-i}T (7)
where  ( )i=denotes the  i-th  elernent  of

vector,

  As  a  global  stiffness  matrlx  K  is formed
by superpesing  the  element  stiffness  matrix

Ke, OK/OE  in Eq.(7)  is also  obtained  by
linear superposition  of  OKelOE.  The  gradient
on  p is given  in the  same  way.

EXAMPLES

  The  following examples,

the  case  of  plane strain.

  ExamPte  1: Fig,1 shows  a

        (1Ol<N)
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Table2.  Stresses computed  by FEM  (tfJm2 :
× 10kPa)
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the  strain  is constant  throughout  each  tri-

angular  element,  The  displacements and

stresses  calculated  by FEM  using  the  elastic

constants,  Ei=lxlO'tftm2 (1× 106kPa); and

v=O.2,  are  shown  in Tables 1 and  2. Now,

suppose  these  elastic  constants  E  and  y are

unknown  parameters  to  be estimated,  and

some  of  the  displacements in Table 1, for
instance, the  horizontal and  the  vertical

displacements of  the  nodal  point  2 are

measured  in the  field. Then,

      OKelOE=-  ABT  (ODfOE) B

 ,D/oE==a,  ,t Ef2iJ･Jv
.,lv

i:"
,-,(i

e

i

'

2,,)]
where  A  is the  area  of  the  triangular  ele-

ment.  OKe/ay can  be also  calculated  in a

similar  manner.  Fig, 2 shows  that  the  correct

estimates  of  E  and  v  are  ebtained  after  only

a  few  iterations. It was  confirmed  that  cor-

rect  estimates  of  elastie  constants  can  also

be obtained  under  other  conditions,  i.e.

when  other  displacements are  measured,  or

when  only  one  displacement is given.  In

addition,  it was  found that  the  appropriate

scaling  of  E  improved  the  eMciency  of  con-

vergence,  because E  has much  hlgher order

of  magnitude  compared  with  v. For instance,

put

         E=  100, OOO Et

and  take  E' as  a  new  hypothetical decision

variable  which  has equal  order  of  magnitude

as  v, then  the  eficiency  of  convergence  is
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 Fig. 3. Iteration behaviour  in Exarnple  2

mueh  better than  in the  case  of  using  E
itself in the  computation.

  Example  2: In Fig.1, suppose  that  E  and

y  are  unknown  parameters, and  that  some

of  the  stresses  in Table  2 are  observed,  for
instance, horizontal and  vertieal  normal

stresses  of  element  1. 0ther  cQnditions  are

identical with  Example  1. As  shown  in Fig,
3, correct  estimates  were  not  obtained,  since

stresses  are  not  primarily affected  by elastic

constants  in the  plain strain  problerns.  This
irnplies that  it may  be dithcult to estimate

elastie  constants  $olely  frem the  field meas-

urements  of  stresses,  From  the  practical

point  of  view  in monitoring  techniques,  it
may  be wiser  te  concentrate  the  monitoring

efforts  inte the  measurement  of  the  defor-
mation  of  the  foundation rather  than  the

measurement  of  stresses.

  Example  3: A  vertical  cut  of  a  soil  deposit
consisting  of  a single  layer. Fig. 4 illustrates
the  model  together  with  Examples  5 and  6.
Unknown  parameters  are  e!astic  constants

ETAL.
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Fig. 5. Iteration behaviour  in Example  3.

    (Case 1)
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Fig. 6. Iteration behaviour  in  EKample  3.

    (Case 2)

of  the  soil  depesit.

  Case  1

  Field measurement  data: ubus,u6,ug,vi,v4,

vs,v6,vg,  and  vi4 where  ut  and  vi denote

herizontal and  vertical  displacements of  node

i, The  results  are  shown  in Fig.5.
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    (Case 1)

  Case  2

  Measured data: u"  us, u6,  v"  vs,  and

  Results: see  Fig. 6.

  Case  3

  Measured data: u4,us,  and  u6･

  Results: see  Fig.Z

  It is clearly  seen  from  Figs.5,6
that  the  less the  measured

    57
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                             Example  4.

                             are  needed

to obtain  the  correct  estimates.

  ExamPte  4; The  excavation  of  a  soil

deposit consisting  of  a  layer supported  by
steel  sheet  piles. Fig.8 shows  the  model  in
which  steel  sheet  piles are  replaced  by beam
elements  in FEM.  Unknown  parameters
are  elastic  constants  of  the  soil  deposit,

  Case  l

  Measured data: the  same  as  tho$e  given  in
Example  3-Case 1. (uo us, u6, ug, vb  vk  V6,Vs

and  vn).

  Results: $ee  Fig. 9,

  Case  2

 Measured  data: the  same  as  in Example
3-Case 2 (u4,ui,us,v4,vs, and  v6).

 Results: see  Fig.10.
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 Case  3

 Measured data: u"  us,vi,  and  vi4･

 Results: see  Fig. 11.

  In such  a  model  which  contains  the  beam
like elements  with  a  different order  of  stiff-

ness  from the  soil  deposit, we  must  carefully

select  the  displacements to  be measured  in

the  field. As  being obvious  frem Figs.10
and  11, the  gixren data of  displacements (at
the  noda!  points  located at  where  they  are

restrained  by much  stiffer  structure)  may

contribute  little to  the  estimation  of  the

elastic  constants  of  the soil  deposit.

  ExamPle  5: The  excavation  of  a  soil

deposit consisting  of  two  layers.

  Model:  see  Fig.4.

  Unknown  parameters:  Ei,yi,Eb  and  y2

(elastie constants  oi  each  layer).
  A(easured data; identical with  those  in
Example  3-Case 1.

  Results: see  Fig. 12.

  Example  6: The  excavation  of  a soil

deposit consisting  of  three  layers.

  Model: see  Fig.4.

  Unknown  parameters:  Ei,vi,E2,p2,E3, and

Ps.

  The  measured  data are  the same  in Exam-

ple 3-Case 1.

  Results: see  Fig. 13.

  As shown  in Fig, 13, the  iterative solutions
of  E3 and  ya, which  are  elastic  constants  of

the  third  layer in Fig,4, cannot  approach

the  correct  values,  because the  observed

displacements were  given  at  the  nodal  points
remote  from the  deep third  layer.

ET  AL.
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CONCLUSIONS

  It is shown  that  a  combination  oi  the  use

of  simple  elastic  finite element  method  and

the  conjugate  gradient  optimization  technique

can  be successfully  used  in a  trial to find

the  elastic  parameters  of  the  subsoil  based
on  the  information obtained  through  the

rneasurements  during construction,  Conclud-

ing remarks  are  as  follows:-

  (1) field measurements  of  displacements
are  useful  for estimating  elastic  constants,

  (2) when  soil-structure  system  includes
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exceedingly  stiff  structures,  attention  should

be paid  to the  location where  displacements
are  to be rneasured,

  (3) the  proposed procedure is applicable

to  soil  depesit with  multiple  layers. How-
ever,  it will  be diMcult to ebtain  the cor-

rect  elastic  constants  of  deep layers considera-
bly rernote  from the  region  where  the  meas-

uring  instruments  are  installed.

  In the  end  of  the  conclusions,  it must  be
emphasized  that  the  technique  proposed  in
this note  should  be proved  to be useful

through  some  of  the  trial applications  in the
real  engineering  practices,
  The  authors  would  like to  acknowledge

the  continuing  encouragement  of  Professor
Shojiro Hata, Kyoto University, and  wish
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