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Scattering by a screen with fluid flow
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Acoustic diffraction from a line source by a semi-infinite plane in the presence of a moving
fluid is studied. A finite region in the vicinity of the edge has a soft (pressure release)
boundary condition ; the remaining part of the semi-infinite plane is rigid. The effects of
convection are included at low Mach numbers. The problem which is solved is a mathemat-
ical model for a rigid barrier with a soft edge. The far field is calculated using integral
transforms, the Wiener-Hopf technique and asymptotic approximations. The physical
interpretation of the result is then discussed.
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1. INTRODUCTION

Noise from motorways, railways and airports can
be shielded by a barrier which intercepts the line of
hearing from the noise source to the receiver.) An
ideal barrier should be such that it is a good
attenuator of sound and economical at the same
time. The latter requirement is not difficult to
appreciate when one considers the miles of motor-
way in heavily built-up areas. One possible eco-
nomic barrier construction is to have a rigid barrier
(hence reducing transmitted noise) of cheap material
which is robust and not necessarily a good
attenuator of edge diffracted noise. The barriers
having absorbing lining on the surfaces are good
attenuator of sound. The provision of a barrier
covered completely with an absorbing lining pre-
sents several difficulties, among them the cost of
construction and maintenance. Since the acoustic
field in the shadow region of a barrier (when trans-
mission through the barrier is negligible) is due to
diffraction at the edge alone. For this reason
Butler? suggested that it would be more economic to
cover the region only in the immediate vicinity of
the edge with absorbent material to reduce the

sound level in the shadow region. This technique
has potential applications in engine noise shielding
by aircraft wings. Recently, T. Okubo and K.
Fujiwara® discussed the efficiency of noise with an
acoustically soft cylindrical edge. In the case of
noise radiated by aero engines and inside wind
tunnels, it is necessary to discuss acoustic diffraction
in the presence of a moving fluid.

The boundary condition on an acoustically
absorbing lining is described by an impedance rela-
tion between the pressure (p) and the normal veloc-
ity fluctuation on the lining surface®. ie.,

dplon=ikBp, <Ke(B)>0, (1)

where the sound wave has time harmonic factor
e InEq. (1), k= w/cis the wave number with
w as the angular velocity, ¢ the velocity of sound, »
the normal pointing into the lining, B(poc/z) the
complex specific admittance of the acoustic lining,®
©o 1s the density of the ambient medium and z is the
acoustic impedance of the surface. We remark that
an acoustically hard (or perfectly reflecting) surface
is given by |8| — 0 and an acoustically soft surface
(pressure fluctuation vanishing on surface) is given
by |8l = 0. The case when the edge region of the

105

NI | -El ectronic Library Service



The Acoustical Society of Japan

barrier surface is soft is considered.

If the wavelength of the sound is much smaller
than the length scale associated with the barrier, the
diffraction process is governed to all intents and
purposes by the solution to the canonical problem
of diffraction by a semi-infinite rigid plane with soft
edge. The aim here is to solve this mixed boundary
value problem for a cylindrical wave in the presence
of a moving fluid. The present analysis is also
related to Wiener-Hopf solutions for structural ele-
ments composed of plates joined end to end,®~!®
although such configurations are quite distnict from
the present one. The solution of the problem is
obtained using Jones’ method and the Wiener-Hopf
technique.'® It is found that results for the still air
case can be deduced easily by taking the Mach
number (= U/ C, U is the fluid velocity) to be zero.

2. FORMULATION OF THE PROBLEM

We consider the scattering of a cylindrical wave
by a half plane y=0, x<0 as shown in the Fig. 1.
The half plane is assumed to be infinitely thin, and
over the interval —/<x <0 there is a soft substance
satisfying

=0 ()

on both sides of the surface and the remain-
der —co<x< —/, of the half plane is rigid. In Eq.
(%) p is the pressure. The whole system is now
assumed to be in a fluid moving with velocity U
parallel to the x-axis. The perturbation velocity u
of the irrotational sound wave can be expressed in
terms of the total velocity potential 7 by u=grad .
The resulting pressure in the sound field is given by

p=— ol 30t + UdJox) . ,

where pp is the density of the undisturbed stream.
We consider a line source to be located at the
position (Xp, }o). The wave equation satisfied by

J. Acoust. Soc. Jpn. (E) 19, 2 (1998)

m(x, ) in the presence of a line source is

D Lo 0 & e
((1 M)ax2+2z/cMax+ayz+k>m
=0(x—20)8(y —10) (1)
subject to the following boundary conditions :
Iz, 0%)foy=0, x<—1, (2)
n(x, 0%)=0, —[<x<0, (3)
nlx, 0°)=n(x, 07),
x>0, 4
onlx, 0°)/0y=0on(x, 07)/oy (4)
where M = U/cis the Mach number. For subsonic

flow, |[M|<1 and for analytic convenience we
assume k= k. + ik (k;, k>0). It is assumed that a
solution can be written in the form

(5)

where 7, is solution of inhomogeneous wave equa-
tion corresponding to the incident wave and 7 is the
solution of homogeneous wave equation (1) which
gives the diffracted field. ie.,

nlz, v)=nlz, v)+79(z, ¥),

2
((1—M2) 3‘122 +21‘/fM£;+ aayz +k2>770
=8(x—x0)0(y —w0) , (6)
((1—M2)§2+22'kM%+ a§2+k2>77:0. (7)

In addition for a unique solution of the boundary
value problem Eqgs. (3)-(7),'” we insist that » repre-
sents an outward travelling wave as (x2+ y?)12— oo
and also satisfies the ‘edge condition™®

77t(x, 0)20(1) and
oz, 0)/0y=0(x?)
2z, 0)=0(1) and
onlx, 0)/0y=0{x+1)""*) as x — —1.

asx — 0,

(8)
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Fig. 1 Geometry of the diffraction problem.
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3. SOLUTION OF THE PROBLEM

Since we are dealing with subsonic flow we can
make the following real substitutions :

r=1-MH"X,
y=Y, w="Y,
k=(-M)"K, B=(1-M""B,
I=(1—-M»"L,

$o:(1*M2)1/2X0 ,

which, together with the substitution

7z, y)=d(X, Y)e "X, (9)
reduce the boundary value problem to
(ot i)t
=a*0(X—Xo)8(Y—Yo), (10)
& & 2 _
<W+~WZ—+K >¢(X, V=0, (1)
0N X, 05) /oY =—0¢/0Y, X<—L, (12)
(X, 05)+ (X, 05)=0 —L<X<0, (13)
(X, 01+ (X, 0%)
=¢o(X, 07)+ (X, 07), (14)
Odo( X, 0°) Y + (X, 07)/0Y
=0po(X, 07)/0Y + (X, 07)0Y,
where
N ez‘KMXo
=gy (15)

The Fourier transform ¢ (@, Y) of ¢ (X, Y) can be
written as

o V=\"_#(x, V)eax,

=¢.(a, Y)+e ¢ (a Y)+ ¢i(e, V),
(15a)
and its inverse

#X, V=5 """ Fla, V) da, (15b)
where

Fla, =\ (X, Veax

F(a, V)= #X, Ve oiax b (150
e, 1= o(X, V)erx,

and a=o0+1r. A suitable representation for ¢o(X,
Y) which satisfies Eq. (10) is

¢0(X) Y)
*
=~ HPIE(X — XoP +(Y — Yo'l
(Z* Scc+ir e—ia(X—Xo)+i(K2~a2)UZ|

~im Kyt e (16

—oo+iT
Making change of variables

Xo=Rocos 8, Yo=Rosind, (0<5H<n)

in Eq. (16) and taking Ry, — co, we obtain using
the asymptotic form for the Hankel function

¢0(X, Y):be—iK(Xcosao+ Y'sindo) , (17)
where
* 1/2
b= —Z_z'< 7{[3’]&) o (KRo=TI4) (18)

In Eq. (15¢), ¢+(a, Y) denote functions which are
regular in the upper Im(a)>—K; and lower
Im(a)< Kicos &, (& is the angle of incidence) @
plane and ¢,(e, Y) is an integral function and is
analytic in the common region — K;<Im(a)<
K cos .

Applying the transform (15a) to Eq. (11) we have

#(a, V)=Aa)e™, Y >0,
=A@)e™™, V<0,

(19a)
(19b)

where x=(K*— a*)"? is defined on the cut sheet for
which Im(x) >0 when |Im(a)|< K.

After using Eq.(17), the Fourier transform of Egs.
(12)-(14) give

Kb sin (9oeiKLcosﬂo

¢-(a, 0%)= (a—K cos &) (20)
Q—{l(a’, Oi):kaé%m(l—e—m—momn) , (21)
and
$:(a, 0= d.(a, 07)=¢.(a, 0),
i _ — 2
$+(a, 07)=¢.(a, 07)=¢.(a, 0) } (22)

Using Eqgs. (15a) and (22) in Egs. (19), we obtain

e g _(a, 01)+ dila, 0)+ ¢ (e, 0)=A(a),(23a)

e 3 (a, 0)+ &1(a, 0+ 8. (a, 0)=irA(a),
(23b)
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e g (@, 07)+ al(a’ )+ $+(a, 0)=Asa) , (24a)
e g (o, 0)+ (e, 0)+ ¢. (e, 0)=—irAsa),
(24b)

where primes denote differentiation with respect to
Y. From Eqgs. (22), (23a, b) and (24a, b), we can
write

—e g (a, 0)+ ¢ (a, 0%)+ ¢.(a, 0)
=tir(e" ¢ (a, 09)+ ¢:(a, 0%)+ +(a, 0)).
(25a, b)

Using Egs. (20) and (21) into Egs. (25a, b) and then
adding and subtracting the resulting equations, we
get

Ala)+e™ A (a)
Kb sin Syt

~ " {a—Kcos WVEKta’ (26)
e "y (a)+ N(a)n(a)+ rla)
— (aw[;é[z)s §0) (l_e—z‘(a—xcosao)l.) , (27)
where
M@= EZ0(F (0, 00~ F ., 0), (289)

_[[¢/(a, 0+ ¢:(a, 07)] | J+(a, 0)
A+(0’)_{ R R }’(281’)

7(@) = (F-(a, 00+ F(a, 0), ()

W@ =23 00+ F1(a, 0, ()

?’+<0’): 5+(a’, 0) )
N(@)=2=Ni(&)N(),
Ni(a)=(KEta)™?.

(29¢)

The Eq. (26) can be written in the form

Kb Sil’l &OeiKLcosﬂo
(a—K cos )VK+ K cos &

Kb sin Soe™Leos
(a— K cos &)

Ala)+

=—e“A(a)—

1 1 }
X{JK+Q VK+Kcos 8 ) (30)
Now before proceeding further, it is necessary to
know that how the various quantities in Egs. (26)
and (27) grow as |¢| — co. The edge condition
(8) means that the transformed functions satisfy the
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following growth estimates as |@| — oo :
¢ (@)= 0(la™), ¢ (@)=0(lal™?),
in Im(a)>—K ;
()~ 0(ld™), - (@)= O0(a™?),
in Im(a)< Ki cos & ;
e gi(@)~ O(la™), e 41 ()~ O(lal ™),
in Im(a) > — K ;
¢ (@)= O0(lal™"),
in Im(@) < K cos &%.
Using (31) in (28) and (29), we have, as |¢| —>oo,

A(a@)=0(a™?),
r-(@=0(la™),

(31

$:1(a)= O(lal™,

nla)= 0(la|™?), (32)
NA>@)=0(la|™), inIm(a)< K cos &;
Aa)=0(lal™),

re(@=0(a™), .

n(e)=0(lef e ),
Ni(@)=0(le|™),

Using the asymptotic estimates (32) and (33), we see
that left hand side of Eq. (30) is regular, analytic
and asymptotic to |@|™* as |¢| — oo in Im(a)<
Kicos 9 and the right-hand side of Eq. (30) is
regular, analytic, and asymptotic to |a|™* as |¢]
— oo inIm(@)>— K;. Hence the analytic function
which is a continuation of the left-hand side and the
right-hand side of Eq. (30) is zero in the whole
plane. Thus from Egs. (28) and (30) we arrive at

$-(a, 01— (e, 07)

_ ZibeiKLcosaofK_K cOS (90
(a—K cos )VK—a

in Im(a)< — K; .

(34)

Now the second term on the left-hand side of Eq.
(27) cannot be split by the standard Wiener-Hopf
argument. Without going through the details,
which in any case can be found, mutatis mutandis,
in Noble’s book [Ref. 16), pp. 196-199], we obtain

bVK+ K cos %

* —
Ha)= (a—K cos So)VK+a
n [ /K+ ]—1 Seo+z‘a @iEL(K*'8>UZSf(6)d
21 —ootia (e+a) €
—Im(a@)<a<Kiycos &, (39)
(a)— b/K+K cos &

(a—K cos S)V/K+a

_[«/Fjrh]‘lg‘”““ e"H(K—¢e)'?Di(e)
271 (eta)

de .
(36)

—oo+7a
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In Egs. (35) and (36)

SHa)=rda)+r(—a)
Zb Z‘beiKLCOSlso

(37

(a K cos r%) (e@+ K cos &)’
D¥a)=ri(a@)—r-(—a)
Zb zbe iKLcosdo
(a Kcos %) (a+Kcos )’ (38)

and asterisks denote that a pole is present at ¢=
K cos % in the region Im(a)> — Kicos & ; other-
wise the functions are regular and analytic in this
domain.

The integrals appearing in Egs. (35) and (36) can
be solved asymptotically for KL>1. The physical
meaning of this condition is that the soft tip covers
a region greater than a wavelength. Now the path
of integration in expression (35) is moved vertically
in such a way that it crosses the pole ¢= K cos §, of

*(a) but is not allowed to cross the branch point @
=K. Thus the third term of (37) will give a resi-
due contribution so that

St= ibyK —K cos &

(a— K cos So)/K+a
Zb K_‘ ZKLCOsS 8o

cos e

+ (a/+Kcos S)VK +a
Soo-ha ezeL(K )IIZSr(E) de
27rz\/ +a J-wtia (e+a) ’

Kicos <a<Ki. (39

Since KL>>1, the dominant term of the asymptotic
expansion for the integral appearing in Eq. (39)
comes from the region near ¢ = K so that
1 co+ia eieL K"‘E I/ZS* e
-2-7«[—27&&”&- ( (5+)a/) H )a’e
N Sf(K) SmHa eieL(KM€>1/2
= 2m (e+a)
provided S7(K) is well behaved in this region,
which it will be provided $=0, 7. For calculat-
ing the integral (40), we wrap the contour of integra-
tion around the branch cut =K and then
1 co+-ia iel K & 1/2
P
. ezKLSw ez'tLtIIZdt
T o w(e+K+1t)
=Wilvall,

where

de, (40)

—~oo+ia

—oo+2a

Im(a)>—a,

(41)

z(KL

VVo[x/El-E]: @

{1+22J2?’F(¢z1 )},

L>0, |arg(z)l< 7,
Z]z(K”i"L) R

and

Flh=e—m\" e at,

is the Fresnel integral. For large /i the Fresnel
integral can be replaced by the dominant term of its
asymptotic series : ie.,

Fl) ~gtsr+ O,

as || > oo, larg(m)|< .
Thus, from Egs. (39) and (41) one obtains

__ib(K+K cos &)"?
SHO)=1K T )" a—K cos 5)

e Wl R+ L)

Zb(K"‘K cos L%)llzez‘KLcosBo
(K+a)"(a+K cos &)

+

+

(42)

Similarly Eq. (36) gives

(K + K cos §)?
(K+a)"(a—K cos &)

——(—]%}(f)—z,zm[ﬂfﬁ @)L ]

_ 1b(K — K cos &) 2ereoste
(K+a)(a+K cos &) ’

Di(a)=

(43)

where the terms S(K) and D#(K) are obtained by
putting ¢= K in expressions (42) and (43) and then
solving the resulting expressions for S{*(K) and

*(K) respectively.

Substitution of Egs. (42) and (43) into Egs. (37)
and (38), give expressions for y.(a), from which, in
conjunction with equations (29) and (34), one can
produce expressions for ¢.(e, 0) and $_(a, 0%).
Substituting these latter expressions together, with
expressions (21), into Eqs. (23a) and (24a) gives

_ 13 ((K+K cos 9)'
Ala)= (af—KZcos So) L \/K(i)a'

_ Z(K—K cos 190>1/ze~i(a~Kcosao)L}
VK—a

+%@m[m+mu

+ SV DD i K= Je,
(44)
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ib(K+ K cos $)'*

Adla)= (a—K cos S)/K+a
+SEE D) il R+ )L )
+SIEEDID gy TR Yo

(45)
The solution to the boundary value problem is now
known and is given by

o+ iT

Al(a')eizaXeryda/

0+7T

_ 1
Bi=o(X, V)5

Y >0, (46)
=¢(X, Y) +‘2%—T—Sj:TAz( a)e " gy
Yy<o, (47

where — K;< < Kjcos 9. The scattered far field
in the expressions (46) and (47) are asymptotically
evaluated for KR large by an application of the
modified saddle point method because of the pres-
ence of the pole =K cos $.!® Thus, for 0< $<
7 and using Eq. (9) without going through the
detailed analysis, one obtains

R, )=I+RF+D, for r—%<O0<m,

ZI_RF+D1, for 6<7T‘(90< @,

=]+D, for 0< O <7~

=[]+ D, for S—r< @<,

=D, for —7<O< %Hh—
(48)

where X =Rcos®, Y=Rsin®, —7<O<7,
I=incident wave
— be~iKRCOS(@—§o)—iKMX (49)
REF =reflected wave
. be—iKRCOS(@+:9o)—iKMX (50)
Di=the diffracted edge wave in the illuminated
region
o~ KM (X =Xo)+2K (R+Ro)
T AnKVRR,(1— M*)Y?

21Q|F(l@|)(1+cos 6)"*(1+cos %)"*
(cos ®+cos &)

e—iKM(X Xo)+ 1K (R*+Ro)
+ 47Z.K(ROR*>1/2(1__M2)1/2

o 2QIF(|@)e ™ **(1 —cos 00)1’2

" {cos 9+cos 5[ 2(1—cos 9)2] !

ez(KR ~/4)—iKMX
+WG‘(@’ %)
ei(KR**i’E/“)—iKMX

W@w, S) ,

+ (51)
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D,=the diffracted edge wave in the shadow region

e” KM (X ~Xo)+iK (R +Ro)

" 4nKJRR,(1—M?)'"*

2[Q|F(|Q[)(1+cos 0)4(1+ cos )
(cos @+cos %)

ei(KR—?rM) IKMX

T GaRR)™

{(KR*—1/4)~iKMX

Gi(O, )

+'€‘(m‘f/“z—cz(l9, ) , (52)
KR \'? e+ o
Q=< : ) <cos ing)s >
KR*\"*( cos 9-+cos 5
Q1~< > <cos bm%os )
R¥*=R*+1*+2RL cos 6,
19:sgn(@)cos‘1< L+R cos @)
_ Wol(KL(1—cos ©))'*]
GO, 90)=—3 K1 T cos 6]
K * *
| sxm-prn}f, (53
_ WAl(KL(1+cos IN'*]
GZ(&, (90)% (2K)1/2<1_((::(())§ 19)—1/2
{Esrm+prf. 59
2 + + .

4. CONCLUDING REMARKS

The principal result obtained in this paper, Eq.
(48) gives the total velocity potential of a cylindrical
wave in a moving fluid. The expression for the
total acoustic far field, gives a picture of the physical
fields. I represents the incident cylindrical wave
directly coming from a line source (xy, }o) and RF is
the reflected wave. The terms D; and D, represent
the fields diffracted from the edges x=0and x= —1/.
Further, the terms involving R and @ represent the
contribution to the diffracted field from the edge x =
0. The terms involving R* and & give the field by
the joint x=—/. From the first of expressions (48)
it will be noticed that the sign of the reflected wave
corresponds to reflection from the rigid part of the
barrier. In the second of expressions (48) the
reflected wave sign corresponds to reflection from
the soft region of the barrier. It is also worth
pointing out that the strength of the field dies down
as 1//Ry,. In addition, the magnitude of the far
field on the source side of the semi infinite plane
seems to depend more critically on k/, / representing
the length of the soft region and & the wave number.
This is due to the constructive/destructive interac-
tion of the edge fields with the reflected wave from
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the hard region —oo<x< —/, and the reflected
wave from the region —/<x<0.

We very much like to present here the physical
interpretation of Eqs. (51) and (52). As in case of
moving fluid

R=(X*+Y)'?, R*=[(L+X)+ Y,

(55a, b)
and for still fluid (M =0)
R=(z+y)", R*=[(I+2)+y1", (56a,b)

Since X=x/(1—-M")"?, Y=y, [+x=(L+X)(1
— M?)Y2, therefore Eqs. (55a, b) can be rewritten as

R(1— M) =[2*+(1—M)y* "2, (572)

R¥(1—=M»)'"*=[(I+x)*+(Q—M)*y*1"*. (57b)

From Egs. (56a,b) and (57a,b), we can make the
comparison of moving fluid situation to still fluid
situation. We conclude that the motion of the fluid
contracts R and R* by the factor (1 — M?*)"? and that
the field is enhanced as as a result of fluid motion.
We further note that the fluid velocity U appears as
|U|? in the factor (1— M?) and hence the enthance-
ment of the field is independent of the direction of
the flow. We also observe that the wave profile at
y=7y, moves along the direction of x-axis at the
velocity ¢+ U due to the fact that the fluid is
moving in the x direotion.
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