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Capsizing of a Ship in Quartering Seas
(Part 3. Chaos and Fractal in Asymmetric Capsize Equation)

by Makoto Kan, Member Harukuni Taguchi, Member

Summary

In the first paper”, the authors pointed out that a new mode of capsizing, which accompanied the
period doubling bifurcation phenomenon, had been observed and that about 25 % of the total capsizing
had been classified into such a new capsizing mode. Since the period doubling bifurcation phenomenon
was regarded as a precursor of the chaos in the nonlinear dynamical systems, and the chaos was
regarded as a precursor of the unconditional capsizing, which was equivalent to the blue sky catastro-
phe or the boundary crisis in the softening spring system, the chaos and fractal in the symmetrical
capsize equation was examined in the authors’ second paper®. Although the mysterious nonlinear
phenomena appeared in the symmetrical capsize equation were examined numerically, a cascade of the
period bifurcations was not observed in the numerical study.

In the present paper, the authors have examined the asymmetrical capsize equation as well as the
symmetrical one. As a result, the cascade of the Feigenbaum bifurcation, which begins from the period
doubling bifurcation and ends at the unconditional capsizing through the chaos, has been observed for
both asymmetrical and symmetrical capsize equations. Further it has been clarified that in the
symmetrical equation the cascade of the period bifurcations begins after the break of the symmetry of
solution, and that the period bifurcation with the distinct difference of the adjoining amplitude, such as
observed in the model tests, appears only in the asymmetrical equation. The differences of the fractal
capsize boundaries in the initial value plane and the control space between the symmetrical and
asymmetrical equations have been also examined, and the danger of the biased ship is emphasized by
the numerical results. In the examination of the safe basin in the initial value plane, a cell-to-cell
mapping method developed by Hsu has been atempted to confirm its effectiveness and accuracy. A
numerical analysis of the fold bifurcation which approximates the capsizing boundary in the control
space, and also a numerical Melnikov analysis which approximates the beginning of the fractal
metamorphosis in the safe basin in the initial value plane have been carried out. An approximate
analytical expression for the flip bifurcation is obtained.

The idea that the appearance of the period bifurcation in the roll motion of a ship implies the
imminent danger of the capsizing has proved to be correct.
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Fig.5 Feigenbaum bifurcation diagram (B,=0.1)
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Fig.10 Feigenbaum bifurcation diagram (Bo=0)
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BOFTFNTRS 2 2 52, Bo=0 DRI BRI DR R
KT 3,
<08 BEOHH CREBERAMESLRBIZR ST
W55, ZOWSGOEEIBEVCECHESDOE R 7Y
YABRENR SN LEET, Wbw 3 fold Mg 2 2R
5 Ba, Bs &L T vertical tangent {24!
dB?|dr*=0 (13)
Z(O)RHEBL TR ZENTES, 20OBERR
(1—-22-374-3¢D)*+(xQ)?

~3/2-(01—2*—37%[4—3¢5) r*=0 (14)
£2%, (MAOBFRERES & (6)Rid
B*=3/2-r*(1—$Q2*—37r*/4—3¢5%) (15)

b, (B)REU)AEMET S 7 L s BRDT, Zh
SZAS)RKARALT Ba, Bs 2 KDBLHTE2S, Iz
RLEEETOE ZABPNEBERRPRE > TR LD
T, BEMCKRD 2 LB 055, 57
(¢s— ¢s*— Bo) [2¢s=[ —2(3¢s* —1+ Q%)
H{(3¢s*— 1+ 27— 3(x2)*}'*]/3(16)

EWMET 5 ¢s ZPERNCROBEDO+HIIHTT 20 D%
Psa, ~WCRET2HD% ¢ss T 5, ZTDOE,

a=cos (3¥*Bo/ 2) (17)
di=—(2/3") cos (a/3) (18)
$2=(2/3"%) cos {(x—a)/3) (19)
¢3=(2/3"%) cos {(n + a)/3} (20)

ELREE g5 iE Bo BSIER S 9a<¢s< ¢, BeBAKS h<
$s< DEHICH D2 HOWBKDIETH 2, (5)X» 5
Gsay Psp WSHEL T 74, 72 033RED, T 6 2 (15)RIH
AU T Ba, Bs 233KD 53, Ba H/MRIED & KIRIEAD
Bk, Bs 23KIRIED & /IMRIBAOBKEIHIE L TV 5, 85
BOBROWELEDH 20 B. DA TH 3,

Fig. 1812 Bo=0.1 DBEIT DO\ T, Zhd D iR &
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10 AXEMFSRIE F 1695
By =0-1 % =0.04455 DERNEENE LI5THD,
T / numerical — . EOETFICH I = e 5
0.4l /—fold Ba S (1,(0)=4}(0)='g}" %mh@zﬁb ZE,,: > <, ?ﬁj{iwtmfﬁ aiE
g B flip Be — {2 U#®, London XZF® Thompson #i% & Soliman &1,
02l A etk ¥ H Virginia X2 @ Nayfeh ##%, Duke X% ® Virgin
S nikov

N T #4%, New Orleans K¥0 Falzarano BiZ%» 5 £ n %
Y : NEEL CERLMEEIES, XRARORIFMRE R
0 05 Q 1.0 15 o< ORFIHREREL THYTWS, AEEE N

Fig.18 Bifurcation diagram (By=0.1)

ST B I VTHASE D b L W HBIER RO I EBRA (Fig.
17) #HEBE L TREL TH 5, MHBOHED L BRI HK
BARNEERROBRANCA > TWEH, HIBREDIM
KRR -TEY, ZEFEEHIZE L TR2EELLT
Bz 5AREMIIBRIN TR HDEEZLND, Fig 18D
HORANZ a7 WA 2 OFETRKDIHDTH 5,

7. %

BloEFHOEERAER CERAlS iz & O RIRIEED
B 2 FBHIS L v 5 BRSS, 3ROIEFHE S U
EREEER(2)REoTEbENDILE, ZDO2F
HAMB B S5 X — 5 —(HDE» R & D 57
B, DA RAERRTEEICWS 2 ESER S, EHE
BIRL L O R ARAERREHEIERE LI LAY
—YOEBRENGELES 2 LSRR a N, 27 EH
SERRORELEBEORK L R T8 E LR b0 T
HHIEVRRETEILEZ TV, WNHBEEAENL
FERFRAEEE AR CHEN S BSR4 X, HE0IE
EBRAD 7 57 I NBEEI DWW T b HEOHLIE L H:E
AT, TOER, —EORPESED S H A A BETE
Blowh 37 74 XN AIKIRESERICE IR
h, UFFEL &S CIEHEEEABERCOABNS
EWVS T ERBO I N5, L LNTHRREREFER
TREBHSESEN B, BONMFREOBENII 5 Z
EMBHS P ERD, BNHNEERAEXTHN 2 BHES
i FETFR BT 2 TN 2 AR NS &, iR
BOEND E VHERICIEE D oMLV D LR L I LEH
otz

PBED &> CERAORBOBEES 2E 22 THE
FEHEOIHERED AT, BEMNERRO &L 5 2IHFHR
ROFEET L Z L BHER SN, foBEFEHRET S
ML TEC I 2BENESGH2ZIT2bITHL05,
FEHRBROBHMESHZ2ERB LI vy 2 —HOEFHER
Z RO BEPOEERR® & Y REMICEER T % HER
THBLEZTEY, SENHE & UIFEEFHRO~ sy 2 -4
EEFEARRETLIFETH S,

IR I EREROBEDERE 2 MO EFEOMEIICH
L&D e 38L0, MmMMUELELOOH 00D, A
#H-FEHITNEREIZRINTBY, BB—BOWSR

ol

SDEBIRTRICED L 2EMEL, 2 ORFHL
BHREXSCERL RO EFEROERALLLIS Y
Hb, BLTHHOEERYT 2 L L bz, TEBSLR
REY BBNIEEITRTEBESCHL I LEBHY L
S
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{183 1. Cell-to-Cell Mapping ;%iC & 2 ¥)RB{EFE

DFEGERIEDKDT

Cell-to-Cell Mapping &3 FERICB T 2 3HHIEED
BRAS, BEHECBIIADEECL > T, REEHK
(state variable, EEHRR(2) DHA ¢, ¢) 2 HEH
LizogEz Y LTt L, FERASUREOEE
DELTLPRIRWI LEETOTEREINEHDT,
R IERIBOTRET 22 TOEREL T oD
REEE B RD 22D TEZLDEEINT
Who 72 ZOFHETIE, FIHEFE 2 58 L THRSL 8L
DN (cel) oW THEIFID 1 FEE T REHE21TZ
W EHEEM P KBS T2 L8 T& 5, UTZ0H
BErEEAER(2)KER LSS 2HICHET 5,

WERANZYBETE (~155¢(0)£1.5 —15= ¢(0)
<1.5) #@ltr ~1.505= ¢(0)<1.505, —1.505< ¢(0)=<1.505
DEEEMEZ 20 301 2E L THKS 90,601 BD
ne%z2% (Fig. A1 8, Zhoerrrv¥ai—+x
W (regular cell) LIES, FLTELXDENLE 2 DDEH
DHEY Z(2:, Z2) TEHNT 222 %, 21, 2213, IV

DRLOEREE (¢(0), ¢(0) T2 LRATEZ 5N,
PO)=mX2Z,  $O)=hXZ, (A1)
BL, b, hhZ&XOFEAOFEDOETSEIEAL D

0.01 TH 5,

t B EENAL 1 DOV EEZ, v 7 ¥ (sink
cell, Zs) &FER (Fig. Al &),

¥z Mapping C 2RET 372012, 90,601 {HDOV ¥ =
5 —eNDEXDRLOERR AR L LT(2)A %5
#Hif1D 1 A5 7217 Runge-Kutta-Gill &:CH#E =, 188
B (H(T), §(T) 2 RDTEDEBEDENZEEZN
BhEFENLE, FLTTOENVH Mapping C 2L >T1
AR ZDYLBIND LEZ 5,

FRELZDENZZZOWEERT 3 oDEH (iEE
BEmy), $4bb 7 N— 78 (group number, G,),
JBEA% (periodicity number, P), A7 v 7# (step num-
ber, S) 245, S —7 & 1 DDOERR L % OFE
EHERTEALOES, BfUshE 1>
SNBHTH 2, FBRTOEERORARERL, EXR
BHEOBE 1 5, £LTAT v 7HIZZ OMEHA
BERTEANEEBEERTEVECB IR O MAE
Mapping SLBHERT LD T, ZOVBEEREERT
N 0ERB, ZLTETDENV Z DWW T Map-
ping C Z# VR L THEKS v OHEFY

Z- C(Z)-> C¥Z)—-» - C™Z)— - (A2)
ZPEBLTING 3 ODRHERBBERET 2 Lti>T
(2)RTROEIFHEBENEROETOEERLZTNLD
HHRSERERD B 2 LB TE D,

WizZh o DEJROBENLEROF2HAT 2, 2%
A DWT(A2)FRD & 31 Mapping & DR T2, &
ATy 7 TEBShLEDL MR 3EED ) &R OBER
DEIRNERTE, 2L C(Z) T35 L
[1]) C(Z2)vHHERELRE->TEST, ThEiTO

Mapping i b B> 2FE, OV ELAL L

7

Regular
Cells

Sink Cell

000000

Fig. A1 Regular cells and sink cell
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(Virgin cell) LBF&A3, % DF§IZ Mapping 2%t %,

[2] CUZ)»EMisRE->TWEEHS, 2V Zh
% T® Mapping TRz Vi, BHDEERBRORRE
ERTHB LR B, FOEX, £h % TOD Mapping
THEhZ NV C(Z) LRI v— 78 B
2, $70AF v PEERD & 5 i) 5,

S(CHZN=S(C{Z)+i—j, j=0,1,2,,7 (A3)
% LT Mapping {Z1£® 5,

[3] CHUZ)»HEHEREERE > TuRWvd, TRhETOD
Mapping Bz VDFE, 2% D Zh % TOD Map-
ping THEh: eV EAHIESS IR TE Y, THIEFL
CEfoh-EREBTHII LR S, ZORIR
CHZ)=CXZ),j<i ¥ % %% TD Mapping TH
Nz e VOBBEIE i~/ £%Y, I V—78id 1 DKR&
WHEMT S, £RAT Y TRIEIRO LD TS,

S(CKHZ)=j—k, £=0,1,2,-,j—1
S(CHZ)=0, k=j,j+1,-,i—1
%1 T Mapping i1 3%,
ZOMRNEREOY I N6 BO D, C(Zs)=Zs
£ 0 G(Zs)=1, P(Zs)=1, S(Zs)=0 L 723, RZETD

X & [EX W Mapping 28V RLEA T v 7EC L

DI EITVUETDLVOREERERET 5, £2TOx

NOEEEEL KR EIE, DERBEUCINV-TROELVE

FA—@ERdE—-EATCYoy +rT52LICLD, BOH

HER AL L TE D, TOFTRT v 7HBEO RNV

BT NS5 75 —Ths . AFEE»IEEEE R 5,

EEBEERIR VTR G102 7oy b THhIE

Xy, KB Fig. 14 ® Bo=0, B=0.15 & [f] U= R

% Cell-to-Cell Mapping ¥ THi\>7c D28 Fig. A2 TH 5,

Fig. 14 tHEB L TERBE LA EELI LB B, 128t

EERERFig UOWI6RBETHZ, UEoZ e» o

Cell-to-Cell Mapping #05GERETETH Y 2236, IO

(A4)

number of cells
= 301X 301

x=0.04455, (1=0.905
1.5

B.=0,

B=0.15

0

¢(0)

15 40 O 1.5

Fig. A2 An example of safe basin by Cell-to-Cell
Mapping method

S D EEREY KIBICEHETE 2B CERR T
THDZ e,

832, AN =27 BROBIERNTE

$(0)- ¢(0) DFIHUETE = B 1 3 JRETEER I 6 I
DOMOENBALIAD, BRIZT 57 INVEEEL»IEE S
RREM, BT vh VEEIC B T 2 &S OLESHKE
AR ESESEREDOKRE 7 Y =y 7 RERNEE®
B BEEL LT AN I THREFINE FETRD 6
BN T R FE T, AT ADRERNL TR
TlREOY, BPEFHESZ26DTHY, B-Q OFIET
HORES 4775 - (Fig.18) WiH#E AN T Z ¢
DEF LV, WFRAEEE AT DL TR ETERY TR
EROTVLY, FEAHRNEREFRERCOVTRREET
DEZAEFHEIRS R TWRY, I TUTIREER
CRDBFEERLTEL, TOFERERBEORD>H
BUBSTL—BIIEZ LD THIERAZLOEEZ
5h5,

FENHAET HER(2) ST 5 RER (x=0) DHF
EEAER (B=0) &

d*lds*+ ¢~ *=DBo (A5)
TH 3, (Ad)ARDEHITH LI

¢—¢*—Bo=0 (A6)
DY LTRDON, 3BELEROFEEE2EZLIDOL

F3L, ZROREXDAN~QCORTERDLEND, ¢ D
BELEET, b PEUOTZEFES, ¢ PIEMDORE
EFEETH D, (A5)RDEGIRT
Jr=—?+¢*/2+2Bogp+ C (AT
LEFD, NMEETESEBEAEMMN T bbb T MY
w7 AR Fig. ASDX 5% B, KEZ )=y 7HIER ¢
EBELFOLNT NI 7 ATHZ . ZDEEDERC I

C=¢zz"‘ 24/2—230¢2 (A 8)
> PN
C=d¢*— ¢o*/2—2Bo ¢ (A9)

d

By=0-1

Fig. A3 Homoclinic orbit of Hamiltonian problem
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RWET D G USNDOHEE ¢ T2, KEZ Y =y 7EHE
ZHEH s RENERE L TRD 2 720 DM

s—o to T ¢=¢ ¢=0 (A 10)
s=0T g=do, §=0 (A11)
s=*s5 T ¢=0, d=+C"? (A 12)

THbd, 7P sold ¢ BEYIZRRETH B, ZThdDFMHt
(A10)~(A12) L (AT, (AR EWMET B2 KEZY=v 7

$OBFEFOMRDEBICDWVLT 13
0.6
Bo=0.1
0.4
ljl 4
0.2
[¢] T T T T Y T —T- T
0 2 4 6 8

P EHT 28 L= a 7BIFOV L D2O8TH S,

¢=o—2(¢2— o) /(1 +cosh’as) (A 13)
0=2C(¢o— ¢0)[[3¢4:* (1 — 20 /¢p2)**
AQ =2 /) —1}2] (A 14)

DR BEOBRIGEZ I R I L3 > TE 2, BE
ETOE IAERLRBIRE > TRV, Z 2 THEM
KB ELBEZ D,

(A 5) 0 Hamiltonian H 3ZRATEbLEIN 3,

H=(¢*+¢*—¢*/2—2Bop) /2 (A 15)
TCOIHMBRERDOEH HER(2) %

dolds =H/d¢ + gy

délds=— oH[o¢ + g (A16)
EEDLTE, =00 ER>TWwEINS

=0 (A17)-

€g,=B cos Qs —x¢
THb, B, By, b e DA —DWNETHZ LT
B=¢eB’, By=¢eBy, (A 18)
EEDbT,
AN=2 7 BB M ZEESHRE ERRESHREOH O
BEEsRLbTREL L TRATEEEI NS,

M(so)= [ " PH($, §¥)ds (A19)

2 gr=g(g*, §* s+s0)=(g, ) THY, ¢*, ¢* 3R
BEROFEBHFERN(AS)DOKREIZV =y 7HETH S Z
LERTRD, DO T *HIZFUOTEDLL,
g*={0, B’ cos Q(s+s0)—x" §*}
VH=(¢**¢'*3_BO, ¢'*)
ThdmH

M(SO)=[:{B'¢* cos Qs +so)—x" ¢*}ds (A 21)
TEDLENS, ¢*i3s CHALTRMHRTHIDH
M(so)=—2B’sin .QSoj;m&* sin £2sds

x=cex'

(A 20)

—2x' f " g¥rgs (A 22)
0
ERB, AN 74 By i3 AN a7 B8 M(so) dSHA
FBEEPEFOBREZMLELT
Bu=x [ §*ds | M“(ﬁ*smgsdsl (A23)
ERDSND, §* iz~ (A B)ROELROE»S b
¥ X5, BEs AL TREDREVEICE->TWED
T, I EERERB R 22 X5 RERES
BuTAROERBEI*HEN KD DK ER

s
Fig. A4 An example of ¢ versus s

By:Melnikov value

Q-4 1 1 1 X L s
0.4 06 0-8 1.0
Q .

- Fig. A5 Curves of Melnikov value

Bo=0-1 )(:0.041055, 0=0.905

B8=0.030
s 08 ¢

Fig. A6 Beginning of fractal metamorphoses of basin
boundary in the vicinity of Melnikov value

E#ixrwEeBbhs, ¢* ZASRE (A 1DROWIRIE
#HD % iz Runge-Kutta SRS THIERICHELS Z ik D
RKoohd, Fig Adic ¢*OB% 5T, (ANRKXEHBRES
2 g RIRATEKD 3,

do=—¢a{1-(1-2C/¢:")""*) (A 24)

ZDEIKLTEKRDI AN=a 7 Bu/x D % Fig.
AS5ICRLTHL,

Bo=0.1 O#FBET DT ix By=0.028 (x=0.04455, Q=
0.905 DIFE) ERDHNDBH, T DEOFTED S IFFEHE
HOTIEEREOMVENRBA LB 2 2 L 2 EET
M% Fig. A6 i RLTB L,
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