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Calculating response functions in time domain with
non-orthonormal basis sets

Toshiaki litaka and Toshikazu Ebisuzaki
Computational Science Division, RIKEN

We extend the recently proposed order-N algorithms for calculating linear- and nonlinear-response functions in time
domain to the systems described by nonorthonormal basis sets.

Introduction

As first-principles calculations become more and more impor-
tant in various research fields such as physics, chemistry, ma-
terials science, and recently geology and biology, the demand
for calculation of larger and larger systems is growing rapidly.
One of the answers to this demand is the so-called order-N
methods, which compute the electronic band structure, the
total energy, and other quantities with computational time
and storage proportional to N, the number of the atoms in
the system. For very large systems, these methods are much
faster than the conventional diagonalization methods, which
require computational efforts proportional to N3.

The order-N methods may be classified into two steps. The
first step is minimizing the total energy to obtain the ground
state of the self-consistent one-particle Hamiltonian. The sec-
ond step is extracting dynamic properties such as linear and
nonlinear-response functions from this Hamiltonian. While
the first step has been extensively studied %) and also com-
prehensive reviews are available,”»'®) the second step has been
studied by only few papers,** *» including the particle source
method'®'” and the projection method,"® 2" which use the
numerical solution of the time-dependent Schrédinger equa-
tion,?? and projected random vectors.?®

The purpose of this Rapid Communication is to extend the
formalism of the projection method to nonorthonormal basis
sets,>*?®) on which many order-N total energy minimiza-
tion methods are built, so that the full ab initio calculation
from the total energy minimization to the response function
is possible.

Nonorthonormal basis set

In this section, let us review the description of a system with
a Hilbert space spanned by finite numbers of linearly indepen-
dent nonorthonormal bases {|pa)}. We distinguish a vector
in the Hilbert space from its components by using the braket
notation for a vector in the Hilbert space and the tensor no-
tation " and the matrix notation ¢ for its components.

The overlap matrix is defined as a Hermitian matrix with
subscripts,

Sap = (@alvs) = Sha- (1)

Then the inverse matrix is defined as a matrix with super-
scripts that satisfies

(57 5s, =07, )
B

where 0%, is Kroneker’s delta. Then the dual basis set (p”|
is defined by

%) =3 les) (57177, (3)
B8

which is used only in formal description, but not in real nu-
merical calculations. These two basis sets are biorthogonal
and bicomplete,

(¢%lps) =D (ST Sy5 = 85, (4)

Y

S leadle®| = 1, (5)

where [ is the identity operator.

An arbitrary state |¢) can be expressed in original or dual
basis set,

16) = > ¢%lpa) = 6%10")Spa =D dale”), (6)
o o,B B8

where ¢ and ¢, are the components in each basis set, which
are related to each other by

¢ﬁ = Zsﬁa¢a- (7)
B8

The components of |¢) are represented by a column vector
¢ = [¢>1,¢>2,~‘ ,d)N]t, where t indicates the transpose of
a vector or matrix, and its dual (¢| is represented by a row

vector ¢ = [¢7, 5, , N -

The lower-indexed components of an operator, the Hamil-
tonian H for example, are defined in the original basis set
by

Hoag = (¢palH|pps)- (8)
Then the mixed-indexed components are defined by

H% = (¢"|Hlps) = Y (ST Hyp. (9)

~

The manipulation of state vectors and operators is most con-
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veniently expressed in the mixed representation. For exam-
ple, [¢)) = H|¢) becomes ¢* = >, %@¢”. Therefore, we
can introduce the matrix notation, 9 = H¢ where the bar
o_ver the matrix symbol indicates the raise of the first index

= {H%}. Then Eq. (9) is rewritten as

H=S"H, (10)
where H is the matrix {H,s3}. Now H is not Hermitian ma-
trix anymore, since

1 _ (S—lH)T _ HT (S—l)T
= HS'=SHS ' +£H.

Note that the full calculation of S™*, which costs O(N?) CPU
time, is not necessary to obtain a good approximant of H
from a sparse H.?>2®) One of the advantages of H over H is
that power of His easily calculated without explicitly multi-
plying S71,29)

a|g) = ZH o) ZZ o) (H")B0”  (13)
= Z o) ( (14)

The matrix form of the eigenvalue problem

> H%¢" = E¢ (15)

B8

becomes

Ho (Ep) = Eg¢ (Ep) (16)
and the dual of Eq. (16) becomes

¢ (Es)H = Epep (Ep). (17)

The eigenvectors, Egs. (16) and (17
|Eg) = Z loa) 9™ (Es),
Z 9o (E)(¢"],

which satisfy the biorthonormality and the bicompleteness

), define the eigenstates
(18)

(Eg| = (19)

(EalEg) = bap, (20)
> |Ea)(Eal =1. (21)
Random vectors
Let us define random states®>*®) by
)= lps)@” (22)
8
= Z q)a <90a|a (23)

where {|pg)} and {{¢%|} are the basis set used in the com-
putation and its dual basis set, respectively.

Their components
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P = é; =&a (24)
are the pseudorandom numbers that satisfy the statistical
relation

( €as ) = dap

where (( - ) indicates the statistical average. Note that the
transformation of the random vector to its dual does not con-
tain the overlap matrix S in Eq. (24), unlike the general rule
for usual vectors in Eq. (7).

(25)

These random vectors may be also expressed by the eigen-

states of H by substituting Eq. (21) into Egs. (22) and (23),
Z|Eﬁ (Esley)&y = Z|Eﬁ s, (26)
255 ¢°|Ea) an l, (27)

where

(s = > _(Eslpa)én, (28)
W (29)

C= > &%’ |Ea)
S

Although we do not know the actual value of ¢, (s, (Eg|,
or |E.), we can derive the statistical relation of the random
variables (g as follows:

ZZ 0| Ea)(Esloy) ( €& )
= Z Eploy) (97| Ea) =

~y

()

(EplEa) = 0ap.  (30)

This relation is very important, as we will see later.

One of the useful features of random states is that the expec-
tation value of an operator X in terms of the random states
gives trace of the operator,

(@519 ) = 3 (€560 71l = 3 X,
a,B

which is identical to the trace calculated with an orthonormal
basis set |n) because

(X) = ulX] = > (nlpa) X (6" ) (31)
n,a,8
=Y ()X G =D X (32)
o, «
Projected random vectors
Then the projected random vectors are defined by
®p, =0(E-H)® = Zcmqp - (33)
By, =B (B - Z cm (34)

where ¢, are the coefficients for the Chebyshev polynomial



expansion of the step function '3V

e(x):{ f

The random vectors multiplied by the Chebyshev polynomial

T (H)

(x <0)

(x> 0). (35)

Y, =T )2, (36)

’ll; m {; Tm(ﬁ)7 (37)
are calculated by using the recursion formulas

Ilp m+1 QEIIP m ’()b m—1» (38)

Ilp m4+1 — 2’()[) mH - ’()b m—1-* (39)

The coeflicient vectors, Eqgs. (33) and (34), define the pro-
jected random states

[Pe,) =Y lea) (Pr,)" = Y [Bs)is, (40)
[eY Eg<Ey
(B, =3 (85,) (@"1= 3 (sl (41)

Eg<Ej

One of the useful features of projected random states is that
the expectation value of an operator X with them gives the
trace of the operator over the Fermi occupied states,

(@ lXI0m) ) = D () (EalXIEs) (42)

Eo,Eg <Ejy

> X,

Ea<Ejf

(43)

where the statistical relation Eq. (30) is used.

Time evolution

The time-dependent Schrédinger equations corresponding to
the eigenvalue Egs. (16) and (17) become

.d —
il (1) = H (1), (44)
261 = ¢ W (45)

The formal solutions of the time-dependent equations become
¢ (1) = Mo (t=0),
() =  (t=0)e ™.

For numerically calculating the time evolution of the coeffi-
cients, we use the leap frog method,??

o (t+ At) = —2iAtHo (t) + ¢ (t — At),
@ (t+ At) = +2iAtdp (H + ¢ (t — At),

(48)
(49)

where At is the time step.

Linear response function

When an impulse of perturbation Aé(tl is applied to the
system described by the Hamiltonian H, the time evolu-

tion of the wave function is described by the time-dependent
Schrodinger equation in the matrix form

i ® (t)={H+As1t)} ® (1), (50)
4%«11 (t) =3 (t) [H+As(1)}, (51)

where A = S™'A is the matrix of A in the mixed represen-
tation. Note that the impulse K&(t) contains all frequency
components Ae it Assuming that the system was in a pro-
jected random state & (9 = @5, before the perturbation, the
wave function after the perturbation (¢ > 0) becomes

® (1) =@ Vt)+6® (1), (52)

&) =0 +08 (1), (53)
where

&) = e Mo, (54)

6@ (t) = (—i)e "™M'O(H — E;)A®g,, (55)
and

& V() = g, e, (56)

5 (t) = (+i)®r, AI(H — Ey)e™™ (57)

are the time evolution of unperturbed and perturbed vectors.
In Egs. (55) and (57), projection operators 0(H — E) have
been introduced to ensure that the excited states should be
higher than the Fermi energy.

The linear response of an observable B from all electrons is
calculated as

SB(t) = 2 Re {5<I§Ef (t)§<I>E(J?)(t)} , (58)
where B = S™'B is the matrix of B in the mixed represen-
tation. Then the Fourier transformation of §B(¢) gives the

linear response of the noninteracting many-electron system
to the perturbation Ae™*?,

xBA(w+1in) = << /OTdt e+i(w+i")t63(t)>> ,

where the imaginary part of frequency 7 is introduced to limit
the integration time to a finite value T'= —Ind/n, with § be-
ing the relative numerical accuracy of Eq. (59). Here ({ - ))
indicates the statistical average.

(59)

Summary

We presented a generalized version of the projection method
for linear and nonlinear response functions developed by
litaka and others.'® ?") The method can now be used with
nonorthonormal basis sets such as local basis sets, for order-
N total energy calculations. As a result, it became possible to
calculate the response functions of very large systems by ap-
plying the projection method to the optimized Hamiltonian
with a local nonorthonormal basis set.

One of the authors (T.I.) would like to thank Professor
Ordejon for useful discussions at the RIKEN Symposium.

27



References

1)
2)

10)
11)

12)

13)

14)
15)

16)

28

G. Galli and M. Parrinello: Phys. Rev. Lett. 69, 3547 (1992).
X.-P. Li, R. W. Nunes, and D. Vanderbilt: Phys. Rev. B 47,
10891 (1993).

E. Hernandez and M. J. Gillan:
(1995).

F. Mauri, G. Galli, and R. Car: Phys. Rev. B 47, 9973 (1993).
P. Ordején, D. A. Drabold, R. M. Martin, and M. P. Grum-
bach: Phys. Rev. B 51, 1456 (1995).
J. Kim, F. Mauri, and G. Ggalli:
(1995).

S. Goedecker and L. Colombbo: Phys. Rev. Lett. 73, 122
(1994).

S. Goedecker and M. Teter: Phys. Rev. B 51, 9455 (1995).
P. Ordején: Comput. Mater. Sci. 12, 157 (1998).

S. Goedecker: Rev. Mod. Phys. 71, 1085 (1999).

A. F. Voter, J. D. Kress, and R. N. Silver: Phys. Rev. B 53
12733 (1996).

R. N. Silver, H. Roeder, R. N. Silver, A. F. Voter, and J. D.
Kress: J. Comput. Phys. 124, 115 (1996).

H. Roeder, R. N. Silver, D. Drabold, and J. Dong: Phys. Rev.
B 55, 15382 (1997); R. N. Silver and H. Roeder: Phys. Rev.
E 56, 4822 (1997).

L. W. Wang: Phys. Rev. B 49, 10154 (1994); L. W. Wang
and A. Zunger: Phys. Rev. Lett. 73, 1039 (1994).

D. Hobbs et al.: J. Phys. Condens. Matter 8, 4691 (1996) and
references therein.

T. litaka: in High Performance Computing in RIKEN 1995,
(ISSN-1342-3428), p. 241 (1996), (physics/9802021) and ref-

Phys. Rev. B 51, 10157

Phys. Rev. B 52, 1640

17)

18)

19)
20)
21)
22)

23)

24)
25)

26)
27)
28)
29)
30)

31)

erences therein.

H. Tanaka: Phys. Rev. B 57, 2168 (1998); H. Tanaka and M.
Itoh: Phys. Rev. Lett. 81, 3727 (1998).

T. Iitaka et al.: Phys. Rev. E 56, 1222 (1997); T. Iitaka: Phys.
Rev. E 56, 7318 (1997); T. Iitaka: RIKEN Rev. No. 19, p.
136 (1998).

S. Nomura et al.: Phys. Rev. B 56, 4348 (1997); S. Nomura
et al.: Phys. Rev. B 59, 10309 (1999).

T. litaka and T. Ebisuzaki: Phys. Rev. E 60, R1178 (1999).
Y. Kurokawa et al.: Phys. Rev. E 59, 3694 (1999).

T. litaka: Phys. Rev. E 49, 4684 (1994); T. litaka: Introduc-
tion to Quantum Dynamics (Maruzen, Tokyo, 1994) ISBN4-
621-03971-7, (in Japanese).

O. F. Sankey, D. A. Drabold, and A. Gibson: Phys. Rev. B
50, 1376 (1994).

L. E. Ballentine and M. Kolar: J. Phys. C 19, 981 (1986).
A. Gibson, R. Haydock, and J. P. LaFemina: Phys. Rev. B
47, 9229 (1993).

U. Stephan and D. A. Drabold: Phys. Rev. B 57, 6391 (1998).
S. Goedecker: J. Comput. Phys. 118, 261 (1995).

E. Tsuchida and M. Tsukada: Phys. Rev. B 54, 7602 (1996).
J. Skilling: Mazimum Entropy and Bayesian Methods, edited
by J. Skilling, (Kluwer, Dordrecht, 1989).

D. A. Drabold and O. F. Sankey: Phys. Rev. Lett. 70, 3631
(1993).

W. H. Press et al.: Numerical Recipes in FORTRAN: The
Art of Scientific Computing, (Cambridge University Press,
Cambridge, 1992), ISBN 0-521-43064-X.



